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Introduction

We present an investigation for the generation of intense magnetic
fields in dense plasmas with an anisotropic electron Fermi-Dirac dis-
tribution. For this purpose, we use a new linear dispersion relation
for transverse waves in the Wigner-Maxwell dense quantum plasma
system. Numerical analysis of the dispersion relation reveals the
scaling of the growth rate as a function of the Fermi energy and
the temperature anisotropy. The nonlinear saturation level of the
magnetic fields is found through fully kinetic simulations, which
indicates that the final amplitudes of the magnetic fields are pro-
portional to the linear growth rate of the instability. The present
results are important for understanding the origin of intense mag-
netic fields in dense Fermionic plasmas, such as those in the next
generation intense laser-solid density plasma experiments.

Governing equations

Consider linear transverse waves in a dense quantum plasma com-
posed of the electrons and immobile ions, with k · E = 0, where
k is the wave vector and E is the wave electric field. Following
the standard procedure, one then obtains the general dispersion
relation for the transverse waves of the Wigner-Maxwell system
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where ω is the frequency, c is the speed of light in vacuum, ~ is
the Planck constant divided by 2π, m the rest electron mass, n0
the unperturbed plasma number density, ωp the electron plasma
frequency, v = (vx, vy, vz) is the velocity vector, and f0(vx, vy, vz)
is the equilibrium Wigner function associated to Fermi systems.
For spin 1/2 particles, the equilibrium pseudo distribution function
is in the form of a Fermi-Dirac function. Here we allow for velocity
anisotropy and express
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where µ is the chemical potential, κB the Boltzmann constant, and
the normalization constant is
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Here Li3/2 is a polylogarithm function. Also, β =

1/[κB(T 2
⊥T‖)

1/3], where T⊥ and T‖ are related to velocity dis-
persion in the direction perpendicular and parallel to z axis, re-
spectively. In the special case when T⊥ = T‖, the usual Fermi-
Dirac equilibrium is recovered. The chemical potential is obtained
by solving the normalization condition (3), yielding, in partic-
ular, µ = EF in the limit of zero temperature, where EF =

(3π2n0)
2/3~2/(2m) is the Fermi energy. Also, the Fermi-Dirac

distribution f̂ (k), where k is the appropriated wave vector in mo-
mentum space, is related to the equilibrium Wigner function (2) by
f̂ (k) = (1/2)(2π~/m)3f0(v), with the factor 2 coming from spin.
However, these previous works refer to the cases where there is no
temperature anisotropy. Notice that it has been suggested that
in laser plasmas the Weibel instability is responsible for further
increase of T‖ with time.

Inserting (2) into (1) and integrating over the perpendicular velocity
components, we obtain
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In (5), Li2 is the dilogarithm function, H = ~k/(mv‖) is a char-
acteristic parameter representing the quantum diffraction effect,
ξ = ω/(kv‖), and ν = vz/v‖, with v‖ = (2κBT‖/m)1/2. In the si-

multaneous limit of a small quantum diffraction effect (H � 1) and
a dilute system (eβµ � 1), it can be shown that WQ ' −1−ξZ(ξ),
where Z is the standard plasma dispersion function. It is important
to notice that either (1) or (4) reproduces the transverse dielectric
function calculated from the random phase approximation for a
fully degenerate quantum plasma, in the case of an isotropic sys-
tem.

Linear instability

We next solve our new dispersion relation (4) for a set of parame-
ters that are representative of the next generation laser-solid density
plasma interaction experiments. The normalization condition (3)

can also be written as −Li3/2[− exp(βµ)] = (4/3
√

π)(βEF )3/2,
which is formally the same relation holding for isotropic Fermi-
Dirac equilibria. For a given value on the product βµ and the den-
sity, this relation yields the value β, from which the temperatures
T⊥ and T|| can be calculated, if we know T⊥/T||. Consider only

purely growing modes. From the definition (5), one can show that
WQ → −1 when ω = iγ → 0 for a finite wavenumber k. From
(4) we then obtain the maximum wavenumber for instability as

kmax = (ωp/c)
√

T⊥/T|| − 1. When T⊥/T|| → 1, the range of un-

stable wavenumbers shrinks to zero. In Figs. 1 and 2, we have used
the electron number density n0 = 1033 m−3, which can be obtained
in laser-driven compression schemes. The growth rate for different
values on T⊥/T|| is displayed in Fig. 1. We see that the maximum

unstable wavenumber is kmax = (ωp/c)
√

T⊥/T|| − 1, as predicted,

and that the maximum growth rate occurs at k ≈ kmax/2. Figure
1 also reveals that the maximum growth rate of the instability is
almost linearly proportional to T⊥/T|| − 1. In Fig. 2, we have
varied the product βµ, which is a measure of the degeneracy of the
quantum plasma. We see that for βµ larger than 5, the instability
reaches a limiting value, which is independent of the temperature,
while thermal effects start to play an important role for βµ of the
order unity.

Figure 1: the growth rate for the Weibel instability of a dense Fermionic plasma

with n0 = 1033 m−3 (ωp = 1.8 × 1018 s−1) and βµ = 5, relevant for the next

generation inertially compressed material in intense laser-solid density plasma

interaction experiments. The temperature anisotropies are T⊥/T|| = 3 (dashed

line), T⊥/T|| = 2 (solid line) and T⊥/T|| = 1.5 (dotted line), yielding, respec-

tively, T|| = 3.9× 106 K, T|| = 5.2× 106 K and T|| = 6.3× 106 K.

Figure 2: the growth rate for the Weibel instability of a dense Fermionic plasma

with n0 = 1033 m−3 (ωp = 1.8 × 1018 s−1). Here the temperature anisotropy is

T⊥/T|| = 2. We used βµ = 1 (dashed line), βµ = 5 (solid line) and βµ = 10

(dotted line), yielding T|| = 1.6× 107 K, T|| = 5.2× 107 K and T|| = 2.6× 106 K,

respectively.

From several numerical solutions of the linear dispersion relation,
we have been able to deduce an approximate scaling law for the

instability as γmax/ωp = constant× n
1/3
0 (T⊥/T|| − 1), where the

constant is approximately 8.5 × 10−14 s−1m. Using that n0 =
(2mEF/~2)3/2/(3π2) ≈ 1.67× 1036(EF/mc2)3/2, we have
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for the maximum growth rate of the Weibel instability in a degener-
ate Fermi plasma. This scaling law, where the growth rate depends
on the Fermi energy and the temperature anisotropy, should be
compared to that of a classical plasma, where the growth rate de-
pends on the thermal energy and the temperature anisotropy.

Nonlinear saturation

For a Maxwellian plasma, it has been found that the Weibel in-
stability saturates nonlinearly once the magnetic bounce frequency
ωc = eB/m has increased to a value comparable to the linear
growth rate. In order to assess the nonlinear behavior of the Weibel
instability for a degenerate plasma, we have carried out a kinetic
simulation of the Wigner-Maxwell system. We have assumed that
the quantum diffraction effect is small, so that the simulation of the
Wigner equation can be approximated by simulations of the Vlasov
equation by means of an electromagnetic Vlasov code. As an initial
condition for the simulation, we used the distribution function (2).
In order to give a seed for any instability, the plasma density was
perturbed with low-frequency fluctuations (random numbers). The
results are displayed in Figs. 3 and 4, for the parameters βµ = 5
and T⊥/T|| = 2, corresponding to the solid lines in Figs. 1 and
2. Figure 3 shows the magnetic field components as a function
of space and time. We see that the magnetic field initially grows,
and saturates to steady state magnetic field fluctuations with an
amplitude of eB/mωp ≈ 0.008. The maximum amplitude of the
magnetic field over the simulation box as a function of time is
shown in Fig. 4, where we see that the magnetic field saturates at
eB/mωp ≈ 0.0082, while the linear growth rate of the most unsta-
ble mode is γmax/ωp ≈ 0.009. Similar to the classical Maxwellian
plasma case, we can thus estimate the magnetic field (in Tesla) as

B =
mγmax

e
, (7)

for a degenerate Fermi plasma. For our parameters parameters
relevant for intense laser-solid interaction experiments, we will thus
have magnetic fields of the order 105 Tesla (one gigagauss).

Figure 3: the magnetic field components By (top panel) and Bz (bottom panel)

as a function of space and time, for βµ = 5 and T⊥/T|| = 2. The magnetic field

has been normalized by ωpm/e. We see a nonlinear saturation of the magnetic

field components at an amplitude of ∼ 0.01.

Figure 4: The maximum of the magnetic field amplitude, B = (B2
y + B2

z)
1/2,

over the simulation box (top panel), and the logarithm of the magnetic field

maximum (bottom panel) as a function of time, for T⊥/T|| = 2 and βµ = 5.

The magnetic field has been normalized by ωpm/e. From the logarithmic slope

of the magnetic field in the linear regime we find γ ≈ ∆ln(Bmax)/∆t ≈ 0.01 ωp.
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