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Introduction

We present three-dimensional simulation studies of large ampli-
tude electron magnetohydrodynamic (EMHD) structures, denoted
whistler spheromaks, in magnetized plasmas [1]. These three-
dimensional, localized structures are propagating along the ambient
magnetic field lines and are characterized by a poloidal magnetic
field larger than the background magnetic field. The simulation
study reveals that the toroidal magnetic field determines the prop-
agation direction and the speed of the spheromak. Our numeri-
cal results show excellent agreement with recent laboratory experi-
ments where whistler spheromaks were excited with a ring antenna
immersed in the plasma [2].

Theory

Our numerical simulation is based on the nonlinear EMHD equa-
tion, which is deduced from Faraday’s and Ampère’s laws
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where E and B are the electric and magnetic fields, respectively, ve

is the electron fluid velocity, ne is the electron number density, me is
the electron mass, e is the magnitude of the electron charge, and c is
the speed of light in vacuum. Equation (3) is valid for |∂/∂t| � the
electron-ion collision frequency. Furthermore, since the divergence
of the electron flux is zero, there are insignificant density fluctua-
tions associated with the whistlers. The wave-electron interaction
is absent within our EMHD equations (1)-(3).
Eliminating E and ve from Eqs. (1)–(3), and noting that (ve ·
∇)ve = −ve× (∇×ve)+∇v2

e/2, we obtain the nonlinear EMHD
equation [1]
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which is the desired equation for our computer simulations.
As an initial condition for Eq. (4), we use B = B0ẑ+∇×A+Btorϕ̂.
In cylindrical coordinates (r, ϕ, z), the vector potential A is taken
to be of the form

A = [Aforward(r, z) + Areverse(r, z)]ϕ̂, (5)

where r = (x2 + y2)1/2 is the radial coordinate and ϕ̂ is the unit
vector along the ϕ direction. The latter can be expressed as ϕ̂ =
(−x̂y+ŷx)/(x2+y2)1/2 in a Cartesian coordinate system, where x̂
and ŷ are the unit vectors along the x and y directions, respectively.
The forward field
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is centered at z = 0 and the reverse vector potential
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is centered at z = 5 cm. The toroidal magnetic field is chosen to
be of the form

Btor(r, z) = −B0,tor
r
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The position of the localized toroidal field is correlated with that
of the reverse field configuration of the spheromak. The functional
forms and amplitudes of the magnetic fields in the initial condition
have been chosen so that they approximately match the ones in Fig.
2 of [2]. In our simulations, we used A0 = 7.5 Gcm, r0 = 3 cm, and
D = 5 cm. In our first simulation in Figs. 1–3, we have taken a
nonzero toroidal field B0,tor = 10 G. In our simulation, the spatial
derivatives were approximated with a pseudospectral method, and
the solution was advanced in time with a standard fourth-order
Runge-Kutta method.

Numerical results

Figure 1: The nonlinear wave speed as a function of the density

The three-dimensional geometry of the magnetic field configuration
is seen in panel a) of Fig. 1, exhibiting the z component of the
magnetic field. Notice that the background field Bz = 5 G has
been made transparent in panel a) of all figures, while larger and
smaller values of Bz are shown according to the colorbars. In panel
b), we see the vector field (By, Bz) and the region of field reversal,
centered at z ≈ 7.5 cm, is indicated with a solid line in the vector
plot. The toroidal field Bx, is shown in panel c), with a polarity
such that Bx > 0 for y > 0. The setup is chosen to approximately
model the experiment [2], where n0 = 1012 cm−3 and B0 = 5 G so
that ωpe = 5.5 × 1010 s−1, ωce = 9 × 107 s−1, λe = 0.5 cm, and
λi = 100 cm.

Figure 2: The nonlinear wave speed as a function of the density

At t = 1.14 µs, in Fig. 2, we see that the WSP, characterized by a
reversed Bz field, has propagated from z ≈ 7.5 cm to z ≈ 17.5 cm,
yielding a mean speed of ≈ 8.8 × 106 cm/s, while maintaining a
large-amplitude reverse field with a negative maximum of Bz of
≈ −7.5 G. Correlated with the WSP is the toroidal field Bx with
a maximum of ≈ 7 G.

Figure 3: The nonlinear wave speed as a function of the density

At the end of the simulation, t = 2.3 µs, shown in Fig. 3, the
WSP has propagated further to z ≈ 25cm, while keeping its shape
and slightly increasing the amplitude of the reversed field in the
center of the WSP. We observe that the mean speed of the WSP,
which between Figs. 2 and 3 has propagated ∼ 7.5 cm in 1.14 µs, is
approximately 6.6× 106 cm/s, i.e. somewhat smaller than between
Figs. 1 and 2. Correlated with the poloidal magnetic field is the
toroidal field Bx, which has a maximum of ≈ 7 G. The existence
and polarity of the toroidal field Bx seem to be crucial for the
propagation of the WSP. We notice that the polarity of Bx used
here is in agreement with that observed in the experiment [2] for the
spheromak propagating in the positive z direction; see e.g. panel
c) of Fig. 2 [2] for the WSP at z ≈ 15 cm.
In a simulation where we in the initial conditions chose a zero
toroidal field, B0,tor = 0 G, we observed that the whistler struc-
ture propagated with a mean speed somewhat less than for the
case with nonzero toroidal field in Fig. 2. In a simulation where
the toroidal field was given the same amplitude as in Fig. 1(c) but
with the opposite polarity, and we observed that the WSP propa-
gated in the negative z direction. The amplitude of the reversed
field remained at Bz ∼ −7 G, and the amplitude of the toroidal
field [with opposite polarity of the one in Figs. 2(c) and 3(c)] was
∼ 6 G throughout this simulation. In the experiment of [2], the
WSP propagated with a speed of ∼ 8.5×106 cm/s, estimated from
the slopes of the spheromak field maxima in panel (b) in Fig. 4
of [2]. This is in the same range as the WSP in our Figs. 2 and
3. In Figs. 2 and 3 as well as in Figs. 4 and 5, there is also a
weaker and faster spheromak-like structure propagating in the left-
ward direction, and in Figs. 3 and 5 it has reached the left-hand
boundary.
In conclusion, we have carried out simulation studies based on the
nonlinear EMHD equation to understand the nonlinear propaga-
tion of large-amplitude WSPs, whose magnetic fields exceed the
ambient magnetic field strength. For the parameters of recent lab-
oratory experiments [2], our simulations confirm the existence of
long-lived propagating WSPs with the propagation speeds in the
same range as those in the experiments. Associated with the prop-
agating WSP is a toroidal magnetic field, whose polarity and am-
plitude determine the direction and speed of the propagation of the
WSP. Our computer simulation confirms the correlation between
the toroidal magnetic fields and the propagation of the WSP found
in the experiments [2].
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