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Introduction

We present analytical and numerical studies of a new electron
plasma wave interaction mechanism which reveals trapping of Lang-
muir waves in ion holes associated with non-isothermal ion distri-
bution functions [1]. This Langmuir-ion hole interaction is a unique
kinetic phenomenon, which is governed by two second-order nonlin-
ear differential equations in which the Langmuir wave electric field
and ion hole potential are coupled in a complex fashion. Numerical
analyses of our nonlinearly coupled differential equations exhibit
trapping of localized Langmuir wave envelops in the ion hole which
is either standing or moving slower than the ion thermal speed. The
resulting ambipolar potential of the ion hole is essentially negative,
giving rise to bipolar slow electric fields. The present investigation
thus offers a new Langmuir wave contraction scenario that has not
been explored in plasma physics before.

More than three decades ago, Hasegawa [2], Karpman [3, 4] and
Zakharov [5] presented an elegant description of strong electro-
magnetic and Langmuir wave turbulence in which high-frequency
photons and plasmons interact nonlinearly with low-frequency ion-
acoustic waves via the ponderomotive force arising due to the spa-
tial gradient of the high-frequency wave intensity. This nonlin-
ear interaction is typically described by the two-fluid and Poisson-
Maxwell equations, and the governing equations admit the localiza-
tion of photon and plasmon wave packets, leading to the formation
of envelope light and Langmuir wave solitons (also referred to cavi-
tons) [6, 7, 8, 9]. The latter are composed of electron/ion density
depression which traps photon and Langmuir wave envelops. In two
and three dimensions, one encounters photon self-focusing, Lang-
muir wave collapse [5, 10]. The formation of cavitons has been
observed in the ionosphere [11] as well as in several laboratory ex-
periments [12, 13, 14].

We present for the first time a new Langmuir turbulent state in
the presence of ion phase-space vortices [15, 16, 17] that are asso-
ciated with density holes and bipolar electric fields in collisionless
plasmas. Ion phase-space vortices are natural products of ion-beam
driven two-stream instabilities, and they play a very important role
in laboratory experiments [18, 19, 20] as well as in the near-earth
plasma environment [21, 22]. They are described by a wide class
of Bernstein-Greene-Kruskal solutions to the Vlasov-Poisson equa-
tions. In the following, we show that nonlinearly coupled Langmuir
waves and fully nonlinear ions holes admit a new class of solutions
which have never been reported before. Specifically, we demon-
strate the existence of standing and sub-ion thermal ion holes that
trap Langmuir wave envelops.

The mathematical model

The ion hole in the presence of trapped Langmuir waves are gov-
erned by a coupled set of the nonlinear equations
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where φ is the ambipolar potential, W is the Langmuir field enve-
lope, λ represents a nonlinear frequency shift, τ is the ion to electron
temperature ratio, α is a trapping parameter for the trapped ions,
b is a normalization factor, and the Mach number M is the ratio
between the speed of the ion hole and the ion thermal velocity. The
special functions I , K and WD [15, 1] result from the integration of
the trapped and free ion distribution functions over velocity space.

Numerical results

We have carried out numerical studies of the equations govern-
ing ion holes with and without Langmuir waves for τ = 0.1 and
α = −1.0. We found that small-amplitude Langmuir waves can be
linearly trapped in the density well of ion holes. Accordingly, for
W 2 � 1 Eq. (1) turns into a linear eigenvalue problem of the form

3
d2W

dξ2
+ [1− exp(φ)− λ]W = 0, (3)

with the eigenvalue λ and the corresponding eigen-function W ,
and where φ is obtained by assuming W = 0 in the solution of
Eq. (2); see the numerical solution of Eq. (2) in the form of ion
density profiles and the associated ambipolar potentials in the left
panels of Fig. 1.
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Figure 1. Ion holes without Langmuir waves (W = 0, left panel) and loaded

with Langmuir waves (right panel) for different Mach numbers M , with τ = 0.1

and α = −1.0.

The eigenvalue problem will have a continuous spectrum for λ < 0,
corresponding to “free particles” (in the language of quantum
mechanics,) and a point spectrum for λ > 0, corresponding to
“trapped particles.” We have investigated numerically the cases
corresponding to four different Mach numbers displayed in the left
panels of Fig. 1, and found the corresponding positive eigenvalues
listed in the second column of the table below,

Small amplitude Finite amplitude
problem problem
M = 1.4 λ = 0.0013
M = 0.9 λ = 0.0463
M = 0.7 λ = 0.0772
M = 0.0 λ = 0.1906

M = 1.4 λ = 0.1013
M = 0.9 λ = 0.1463
M = 0.7 λ = 0.1772
M = 0.0 λ = 0.2906

where each eigenvalue λ is associated to a bell-shaped eigenfunction
W . Only one positive eigenvalue was found for each case, and thus
these cases only admit the “ground states” for waves to be linearly
trapped.

Next, we studied the presence of finite-amplitude Langmuir waves
in the ion hole, in which the fully nonlinear system of equations (1)
and (2) has to be solved numerically. The numerical solutions reveal
that the ion hole deepened and widened, admitting the eigenvalue
λ to be larger. We investigated the special case with a nonlinear
shift of 0.1 of λ as listed in the fourth column in the table above,
and found solutions for all cases except for M = 1.4; the numerical
solutions are depicted in the right panels of Fig. 1. We can see from
Fig. 1 that the presence of trapped finite-amplitude Langmuir waves
makes the ion density depletion both deeper and wider, and the
same holds for the ambipolar potential well. The deepening of the
ambipolar negative potential well is a feature closely related to the
strongly non-isothermal trapped ion distribution function. For this
case, the electrostatic potential had small-amplitude maxima φmax

of the order ≈ 10−3 on each side of the ion hole, this maximum of
the potential increased with increasing M .

It should be stressed that the properties of the present Langmuir

envelope solitons significantly differ from those based on Zakharov’s
model [5] which utilizes the fluid ion response for driven (by the
Langmuir wave ponderomotive force) ion-acoustic perturbations
and yield subsonic density depression accompanied with a positive
localized ambipolar potential structure. Furthermore, considera-
tion of a Boltzmann ion density distribution, viz. ni = n0 exp(−φ),
would correspond to the case M = 0 and α = 1 in Eq. (2). Here
we have a localized Langmuir wave electric field envelope trapped
in a standing ion density cavity. The corresponding slow ambipolar
potential is positive and localized; see fig. 2.
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Figure 2. A Langmuir caviton with a Boltzmann ion distribution for M = 0,

λ = 0.1, τ = 0.1 and α = 1.0.

Physically, the broadening of the ion hole and the enhancement
of negative ambipolar potential occur because the ponderomotive
force of the Langmuir waves locally expels electrons, which pull
ions along to maintain the local charge neutrality. The deficit of
ions in plasmas, in turn, produces more negative potential within
the ion hole that is now widened and enlarged to trap the localized
Langmuir wave electric field envelope. We have thus solved one of
the fundamental problems of the nonlinear plasma physics which
has potential applications in space and laboratory plasmas that are
driven by electron and ion beams.
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