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Summary. Sales response function have become increasingly important to model
panel data on sales across regional units and time. Regional marketing strategies
involve usually a fixed and a flexible spending component which could interact with
the sales responses if sales managers decide to react fast according to new market
situations. A recent article of Kao et al. (2005) suggested to use a class of production
functions under optimal constraints to estimate the sales responses to marketing
strategies. In this paper we generalize this approach to spatially and time correlated
data sets with one up to K endogenously determined decision variables and show
how to estimate them by MCMC as in [4]. The new modeling approach leads to
a multivariate equation system and will be demonstrated using simulates data and
data from a pharma-marketing survey in German regions.
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1 Introduction

Kao et al. (2005) have proposed a simultaneous estimation of marketing suc-
cess in dependence of optimal inputs. The main idea behind this approach is
that the (optimal) expenditures for inputs might depend on the current sales
and should be estimated endogenously. Another aspect is that some of the
input variables have long-term or short term, and direct or indirect effects on
sales.
We will introduce a family of multiplicative SRF(k) for a cross-sectional sam-
ple where the parameter k denotes the number of input variables (sales ex-
penditures and sales related covariates) that are producing the sales output
by a Cobb-Douglas type of production function. The multiplicative model is
extended to an additive SRF(k) model and a semi-additive SRF(k) model,
where we have a mixture of additive and multiplicative input terms. A special
case is the SRF0(k) model where only the intercept is additive while the other
input variables are multiplicative.
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The main point of the current approach is the extension of the traditional es-
timation of a SRF to a system of observations, because the input variables are
jointly determined by the output. This approach was developed in macroeco-
nomics over the last decade. New is the assumption that the endogeneity of
the inputs stem from an implied (stochastic) optimality consideration, which
is obtained through the first derivative. Thus this extension of the modeling
leads to a model choice problem. The details of this model choice problem
need to be more worked out in future, but we will concentrate in the next
section on the model estimation part and we will use the marginal likelihood
criterion for the Bayesian model choice.
If the first derivative of a response model is jointly determined with the first
derivatives, then these 2 equations imply a simultaneous equation system,
since the stochastic restrictions imply an endogeneity of the input variables.
There are stochastic 3 implications to observe that constitutes a SRF-SPD
model:
1. Stochastic model: input variables functional from ⇒ output variables plus
noise.
2. Stochastic model + optimal allocations = input variables & functional form
(SRF) ⇒ first derivatives plus noise.
3. Conditional model: Known SRF coefficients & SPD assumptions⇒ stochas-
tic regressors (pivotal variable change).
In the next section we introduce the SRF(1) model together with a simulated
example and then in a further section we discuss the SRF(2) model. Both
models can be combined to the SRF-SAR model, where SAR stands for a
spatial autoregressive model (see e.g. Anselin 1986). We introduce the nota-
tion of a SRF(2)X(q) model to indicate that a SRF model does not need to be
a only model with endogenous variables but can have q exogenous covariates
as well. In section 5 we discuss a regional sales response model that involves
a German pharma-marketing data set for the years 2008 and 2007. In a final
section we conclude. In the appendix we summarize briefly the SAR model
and list some R programs.

2 The SRF(1) model with SPD

In this section we start with the simplest SRF model because we want to
demonstrate by a simulated data set the effects of SPD assumption for the
estimation procedure.

We consider the SRF(1) sales response function with one input variable

y = β0x
β1eε (1)

where ε is assumed to be a N(0, σ2
y) distributed error term. By taking logs

for the n cross-sectional observations we find the following linear regression
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model

ln y ∼ N(µy = Xβ, σ2
yIn) (2)

with the regression coefficients β = (ln β0, β1) and the regressor matrix X =
(1n : ln x) where 1n is a vector of 1s and x is the cross-sectional decision
variable that will influence the sales y (a n× 1 vector) in the n regions. Thus
the model is of the type of a log linear production function as it is used
in macro-economics. The new assumption is the stochastic partial derivative
(SPD) assumption and now implies an additional behavioral equation:

∂y/∂x = β0β1x
β1−1eε

Next we define the realised first derivative for n pairs of observations {(xi, yi), i =
1, ..., n}

yx =
∂y

∂x
|x: n× 1

where |x means ’evaluated at the vector x’. Next, we make the assumption
that the log (realised) derivatives

ln yx = log(β0β1) + (β1 − 1)ln x (3)

are normally distributed

ln yx ∼ N [ln λ, σ2
λ] or ln yx ∼ N [ln λ1n, σ2

λIn]. (4)

This means that the sales responses y and the decision variable x might
follow a restriction that allocates resources according to the first derivative
of the SRF but the empirical observations across the n regions reveal some
noise. These stochastic fluctuations across regions are captured by the mean
response λ and the variance σ2

λ of the constraint imposes the looseness or
strength of this optimality behavior in the model.

Adding the stochastic partial derivative (SPD) restrictions for the x regres-
sor in the SRF model imposes the theoretical optimality conditions that the
marginal allocations (and therefore the utility) should be equal across the re-
gional units: Therefore the above SPD assumption leads a normal distribution
of the regressor x:

ln x ∼ N(µx, σ2
xIn)

which actually implies the endogeneity of x in the SRF model. To see how
the SPD assumption translates to an assumption about the x we write the
exponent of the SPD density (4) and use the log derivative (3)

(ln yx − lnλ)2/σ2
λ = (log(β0β1) + (β1 − 1)ln x− lnλ)2/σ2

λ =

=
(
log(β0β1/λ)

1− β1
− ln x

)2

(β1 − 1)2/σ2
λ

∝ p(ln x | µx, σ2
x = σ2

λ/(β1 − 1)2)
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with the mean µx = log(β0β1/λ)
1−β1

and variance σ2
x = σ2

λ

(β1−1)2 of log(x). (Note
that the Jacobian of ln x is just 1/|β1 − 1|.)

Finally, we define the SRF(1)-SPD model now in the following way

Definition 1. The SRF(1)-SPD (probability) model y = β0x
β1eu is defined

as the following set of 3 log-normal densities:

ln y ∼ N [ln β0 + β1ln x, σ
2
y]

⇒ ln x ∼ N [(ln β0 + ln β1 − ln λ)/(β1 − 1), σ2
x]

ln yx ∼ N [ln λ, σ2
λ] (5)

where yx is the first derivative of the SRF(1) model and with the parameters
of the model given by θ = (β, λ, σ2

y, σ
2
λ). ”⇒” denotes the derived distribution

for ln x.

For statistical inference we can estimate the parameter vector by maximum
likelihood or by MCMC assuming a prior density given by p(θ). In the next
section we outline the MCMC procedure.

2.1 MCMC estimation in the SRF(1) model

Now we can turn to the MCMC estimation of the SRF(1) model. The likeli-
hood function is given by

l(D | θ) = N [ln y | µy, σ2
ε In]N [ln x | µx, σ2

xIn] ∗ J (6)

with D = (ln y, ln x) and J being the Jacobian (??)

µy = ln β0 + β1ln x and µx = (ln β0 + ln β1 − µλ)/(β1 − 1)

The regressor vector ln x is simulated - conditional on θ - from a n-dimensional
normal density:

ln x ∼ N(µx120, σ
2
xI20).

the prior density is

p(θ) = N [β | β∗, H∗]N [λ | λ∗, σ2
λ∗]

∏
j∈{y,λ}

Ga[σ−2
j | σ2

j∗nj∗/2, nj∗/2] (7)

The log posterior distribution for θ is

p(θ | D) ∝ l(D | θ)p(θ). (8)

Theorem 1 (MCMC in the SRF(1)-SPD model).
The MCMC iteration in the SRF(1)-SPD model with the likelihood function
(6) and the prior density (7) takes the following draws of the full conditional
distributions (fcd):
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1. Starting values: set β = βOLS and λ = 0
2. Draw λ from p(λ | λ∗∗, τ2

∗∗)
3. Draw β by a Metropolis step from p [β | b∗,H∗] l(θ | y)
4. Draw σ−2

y from Γ [σ−2
y | s2y∗∗, ny∗∗]

5. Draw σ−2
λ from Γ [σ−2

λ | s2λ∗∗, nλ∗∗]
6. Repeat until convergence.

Proof. The fcd’s in the MCMC iteration have all a closed conjugate form:

1. The fcd for λ, the average utility level can be estimated in the same way
as before:

p(λ | D, ...) ∝ N [λ | λ∗, s2λ∗]N [ln yx | ln λ, σ2
λIn] ∝ p(λ | λ∗∗, τ2

∗∗) (9)

with s−2
λ∗∗ = s−2

λ∗ + σ−2
λ and λ∗∗ = s2λ∗∗(s

−2
λ∗ λ∗+ σ−2

λ ln yx) where σ2
λ is the

variance of yx.
2. The fcd for β coefficients have to be simulated by a Metropolis step from

p(β | D, ...) ∝ N [β | β∗, H∗]N(ln y | X/β, σ2
yIn)N [ln x | µx, σ2

xIn] (10)

since the density of ln x contains the β coefficients in a non-linear way.
The variance of x σ2

x is large since there has been considerable considerable
migration within the year.

3. The fcd for σ−2
y

p(σ−2
y | D, ...) ∝ Ga[σ−2

y | σ2
y∗∗ny∗∗/2, ny∗∗/2] (11)

with ny∗∗ = ny∗ + n and ny∗∗σ2
y∗∗ = ny∗σ

2
y∗ + e′yey, where ey = ln y− µy

being the current residuals of the log-y equation.
4. The fcd for σ−2

λ

p(σ−2
λ | D, ...) ∝ Ga[σ−2

λ | σ2
λ∗∗nλ∗∗/2, nλ∗∗/2] (12)

with nλ∗∗ = nλ∗+n and nλ∗∗σ2
λ∗∗ = nλ∗σ

2
λ∗+e

′
xex+e′λeλ and the residuals

ex = ln x− µx and eλ = ln yx − ln λ. This is because we have 2 variance
sources

p(σ−2
λ | D, ...) ∝

(
σ2
λ

(1− β1)2

)−n/2
exp[− 1

σ2
λ

(ln x− µx)′(ln x− µx)(1− β1)2]

(σ2
λ)−n/2exp

[
− 1
σ2
λ

(ln yx − ln λ)′(ln yx − ln λ)
]

The marginal likelihood of model M is computed by the Newton-Raftery
formula

m̂(y | M)−1 =
1

nrep

nrep∑
i=1

(
n∑
i=1

ln l(Di | M, θj

)−1

l(Di | M, θ)−1 (13)

where Di is the i-th data observation and with the likelihood given in (6).
In the next section we show ho to construct a simulated example.
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2.2 Simulation of data for the SRF(1) model

Now we show how to simulate from a SRF(1) sales response function with one
input variable. First observe that the first derivative is

∂y /∂x = β0β1x
β1−1 = λ = β1y/x (14)

or
ln β0 + ln β1 + (β1 − 1)ln x ∼ N [ln λ, σ2

λ]

where λ and τ2
λ are known parameters. Given λ the regressor is simulated by

expressing x in the SPD constraint as the dependent variable

ln x = (ln β0 + ln β1 − ln λ)/(β1 − 1). (15)

The likelihood contribution of the x regressor is given via the SPD assumption
and leads to

ln x ∼ N(µx, σ2
xIn)

with µx as in the SPD constraint (15) and σ2
x = σ2

λ/(β1−1)2 and the Jacobian

Jln λ→ln x =
∂ln x

∂ln λ
=

1
|β1 − 1|

.

Example 1 (Simulating a sample for SRF(1)-SPD model ).
The SRF(1) model is given by y = β0x

β1eu and for the simulation of n = 20
observations of the log-y equation we assume the following specification

ln y ∼ N(µy = ln 2 + 1.5ln x, .92I20) (16)

i.e. sample size n = 20, regressions coefficients β0 = 2(ln β0 = 0.693)
and β1 = 1.5, residual variance σ2

y = .81. The derivative constraint has mean
λ = 3 and variance τ2

x = 1. For the log SPD equation we choose

ln yx ∼ N [ln λ = ln 3, τ2 = 1] (17)

and therefore we need to choose the variance parameter in the log-x equation
where we assume σ2

x = τ2/(1− β1)2.
In the appendix we have listed the R Program for simulating a SRF(1)

model with SPD constraints.

From the Figures 1, 2 and 3 we see that the regression coefficients are far
away from ln β0 = .7 and β1 = 1.5.

In the next example we estimate the simulated data by the Bayesian
SFR(1) model. The MCMC estimation results are shown in Figure 4 and
5 and we see that the posterior densities lie much closer to the true values
β0 = 0.7 and β1 = 1.5 as for the OLS estimation.
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Fig. 1. OLS estimation (in logs) of simulated SRF(1) with beta0 = 0.7

Fig. 2. OLS estimation in logs of SRF(1) with with beta1=1.5

Example 2 (MCMC for the simulated SRF(1) model).
We use the simulated data set and we apply the MCMC procedure of theorem
1 with a quite diffuse prior p(θ) and the hyper-parameters:

β∗ = (0, 0)′, H−1
∗ = diag(2)/1000, s2∗ = 0, ν∗ = 1, τ2

∗ = 1, λ∗1 = 3.

After 1000 repetitions the mean (and standard deviation) of the beta re-
gression coefficients are: β0 : 0.725(.304) and β1 : 1.525(.138) with an accep-
tance rate of 55.3 %.
The posterior distribution of the parameters are summarized in Figures 4 and
5.
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Fig. 3. OLS estimation in logs of SRF(1) with residual variance = 1

Fig. 4. SRF(1) model: marginal posterior for beta0 and beta1

Fig. 5. SRF(1) model: marginal posterior for lambda and sigma
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The means of the σ’s and λ’s across the simulation run are:
mean(λ) = 3.8652 and mean(σ2) = 0.7736.

The R program for MCMC estimation of SRF(1) is given in the appendix.

2.3 The SRF(1)X(q) sales response function model

In this section we consider an extension of the SRF(1) model with more ex-
ogenous variables, which are collected in the n×q matrix Z. Therefore we can
define

Definition 2. The SRF(1)X(q)-SPD model y = β0e
Xβ1eu with X = (x : Z) :

n× k with k = q + 2 is defined as the following set of 3 log-normal densities:

ln y ∼ N [µy = Xβ, σ2
y] β′ = (β0, β

′
1)

ln yx ∼ N [ln λ, σ2
λ)]

⇒ ln x ∼ N [(ln β0 + ln β1 − ln λ)/(β1 − 1), σ2
x] (18)

with µy = ln β0 + β1x+ z′β2 and z is the q× 1 vector of exogenous variables.
Again, yx is the first derivative as in the SRF(1) model and with σ2

x = σ2
λ/(1−

β1) and ”⇒” denotes the derived distribution for ln x. The parameters of the
model given by θ = (β, λ, σ2

y, σ
2
λ).

3 The SRF(2) sales response function model

In this section we develop a cross-sectional sales response model with 2 en-
dogenous variables and then we extend the model with a spatial autoregres-
sive (SAR) term. While the original model of Kao et al. (2005) is a panel
model that estimates the responses parameter across time, we are forced for
the present application to a cross-sectional model, because we observe only 2
time points.

The multiplicative SRF(2) model with partial derivative restrictions is
defined by the following production function model (Cobb-Douglas type):

y = β0x
β1zβ2eu. (19)

By taking logs and defining β = (β0, β1, β2)′ we can formulate a regression
model for n cross-sectional observation units

ln y ∼ N(Xβ, σ2
yIn) (20)

This is a homoskedastic log-linear model with conditional mean µy = Xβ.
Adding the partial derivative restrictions for the 2 regressors, which imposes
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the theoretical optimality conditions that the marginal allocations should be
equal across the n units.

This follows from both partial derivatives:

∂y/∂x = yx = β0β1x
β1−1zβ2 (21)

∂y/∂z = yz = β0β2x
β1zβ2−1.

Since x and z are fully observed quantities (like money expenses or sales
efforts via local and global advertising), these restrictions take a specific but
known values for each observation, if the parameters of the SRF (β, σ2

y) are
fully known. Now we assume that the model can be estimated by imposing
stochastic partial derivatives (SPD) constraints in the following form:

ln(yx) ∼ N [λ1, σ
2
λ1

] (22)

ln(yz) ∼ N [λ2, σ
2
λ2

].

Now we have 4 additional parameters and it would be interesting to es-
timate at least some of them - together with the SRF. The λi’s could be
interpreted as some kind of average utility level of the sales responses while
the τ2

i ’s take the role of tightness parameters for the restriction across obser-
vations in the sample. It seems reasonable to fix them as hyper-parameters
and the average marginal utilities, i.e. the λi’s should be estimated.
A further aspect of the SPD constraints are that by imposing a marginal util-
ity constraint to a SRF model we actually endogenize the inputs of the SRF
and more complicated estimation techniques are needed.

For the endogenous input variables we obtain through the SPD the fol-
lowing densities

ln x ∼ N(µx, σ2
xIn) (23)

ln z ∼ N(µz, σ2
zIn) (24)

where the variances control the tightness of the optimality constraints: larger
variances allow for more deviations from the optimal strategy. The conditional
means µx = µx(β, λ) and µz = µz(β, λ) are given by

µx = (ln β0 + ln β1 − λ1 + β2ln z)/(1− β1) (25)
µz = (ln β0 + ln β2 − λ2 + β1ln x)/(1− β2).

Note that in this interpretation the SRF model is a simultaneous equation
system that has cross-equation coefficients restrictions. Now the question is:
By imposing the SPD constraints in the estimation of the SRF (19) would that
improve the forecasting abilities of the model? Kao et al. (2005) argue that
this was the case in their applications. The next section develops a MCMC
routine for the simplest case. We will report in a further paper about the
Bayesian system equation approach to estimate the SRF.
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Definition 3 (The SRF(2)-SPD model ). Consider the multiplicative SRF
model with 2 input variables as in (19). Then the SRF(2) model with SPD is
defined as the following sequence of distributional assumptions

ln y ∼ N(Xβ, σ2
yIn)

ln(yx) ∼ N [λ1, σ
2
λ1
In]

ln(yz) ∼ N [λ2, σ
2
λ2
In]

⇒ ln x ∼ N(µx, σ2
xIn)

⇒ ln z ∼ N(µz, σ2
zIn)

where the derivatives yx = dy/dx |y,X are evaluated at |y,X and yz are the ob-
served (realised) derivative data given the parameter θ = (β, σ2

y, λ1, λ2, σ
2
λ1
, σ2
λ2

)
and the data y and X. The arrow ”⇒” stands for the fact that the input vari-
ables x and z have derived (implied) densities where the parameters of the
input variables x and z are functions of θ : µx = f(β, λ), σ2

x = f(β, λ) and
similar for z.

3.1 Bayesian Inference in the SRF(2)-SPD model with MCMC

The parameters of the SRF(2)-SPD model (in Definition 3) are given by the
union of the SRF parameters θSRF = (β, σ2

y) and the parameters stemming
from the stochastic derivatives assumption θSPD = (λ, σ2

λ,1, σ
2
λ,2) with λ =

(λ1, λ2) ( µx, µz and σ2
x, σ

2
z) are secondary parameters of the input variables

x and z.)

θ = (β0, β1, β2, λ1, λ2, σ
2
y, σ

2
λ,1, σ

2
λ,2). (26)

For a Bayesian model we assume for θ = θSRF ∪θSPD a ”NΓNΓΓ” product of
prior distributions. Assuming block-wise independence, the prior distribution
for θ is given for k = 2 input variables by

p(θ) = N [β | β∗, H∗]
K∏
j=1

N [λj | λj∗, σ2
λ,j∗]Ga[σ−2

y | σ2
y∗ny∗/2, ny∗/2] (27)

.

K∏
j=1

Ga[σ−2
λ,j | σ

2
λ,j∗nj∗/2, nj∗/2] (28)

We adopt the convention that all parameters with one star ’*’ are known
hyper-parameters of the prior distribution and those with double stars ’**’
are known hyper-parameters of the posterior distribution. Let D = {y, x, z}
denote the observed data, then the likelihood function for the SRF(2) model
is

l(D | θ) = N [ln y | Xβ, σ2
yIn]N [ln yx | λ1, σ

2
λ1
In]N [ln yz | λ2, σ

2
λ2
In] (29)
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Note that the derivatives yx and yz contain the endogenous data x and y. This
formulation of the likelihood has the advantage that it is simpler to compute
since we don’t need the joint distribution of the endogenous variables (see
lemma 1) and the Jacobian J of the model as in Kao et al. (2005).

From the posterior distribution for θ, which is proportional to the ’likeli-
hood*prior’

p(θ | D) ∝ l(ln D | θ)p(θ) (30)

we can work out the posterior simulator for θ by MCMC as in the next
theorem.

Theorem 2 (MCMC in the SRF(2)-SPD model).
Consider the SRF(2) model with SPD restrictions as in definition 3. Assuming
a prior density as in (27), then the posterior density for θ can be simulated
by a Gibbs sampler with the following steps:

1. Starting values: set β = βOLS and λ = 0
2. Draw σ−2

y from Γ [σ−2
y | s2y∗∗, ny∗∗]

3. Draw λj from N [λj | λj∗∗, σ2
j∗∗] for j = 1, 2

4. Draw β by a Metropolis step (from p [β | b∗,H∗] l(θ | y))
5. Draw σ−2

λ1
from Γ [σ−2

λ1
| s2λ1∗∗, nλ1∗∗]

6. Draw σ−2
λ2

from Γ [σ−2
λ2
| s2λ2∗∗, nλ2∗∗]

7. Repeat until convergence.

Proof. The full conditional distributions (fcd’s) for the MCMC procedure of
the posterior density are given by
1. The fcd for β is

p(β | D, ...) ∝ N [β | β∗, H∗]l(D | θ) (31)

where l(D | θ) is the likelihood function in (29). The last 2 components contain
also β’s because of the SPD constraints. Since this is not a known density, we
have to employ a Metropolis step, e.g. a random walk chain for the proposal
βnew

βnew = βold +N [0, cβI3]

where βold is the previously generated value and cβ is a tuning constant for
the variance of the proposal density of the random walk chain. The acceptance
probability involves the fcd in (31) and is given by

α(βold, βnew) = min

(
p(βnew | D)
p(βold | D)

, 1
)
,

2. The fcd for λj , j ∈ {1, 2}
The fcd’s for the average utility level λj are

p(ln λ1 | D, ...) ∝ N [ln λ1 | λ1∗, σ
2
λ,1∗]N [ln yx | µλ1 , σ

2
λ1
In] ∝ N [ln λ1 | λ1∗∗, σ

2
λ,1∗∗]

p(ln λ2 | D, ...) ∝ N [ln λ2 | λ2∗, σ
2
λ,2∗]N [ln yz | µλ2 , σ

2
λ2
In]
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Again, the pdf is a conjugate normal density:

τ−2
j∗∗ = τ−2

j∗ + σ−2
λ,j j = 1, 2;

and
λj∗∗ = τ2

j∗∗[τ
−2
j∗ λj∗ + σ−2

λ,jµλj ], j = 1, 2,

where the µλj ’s are given in (35) and where the σ−2
λ,j = V ar(yj), j = x, z

are the variances of the realized derivatives yx and yz for the endogenous
variables, respectively.

3. The fcd for σ−2
j , j ∈ {y, λ1, λ2}.

p(σ−2
j | D, ...) ∝ Ga[σ2

j | σ2
j∗∗nj∗∗/2, nj∗∗/2]

with
nj∗∗ = nj∗ + n

and
nj∗∗σ

2
j∗∗ = nj∗σ

2
j∗ + e′jej

where e1 = ln y−X ∗ β is the current residuals of the regression equation
and we need eλ1 = ln yx − λ1 and eλ2 = ln yz − λ2.

3.2 The variance of the endogenous variables in the SRF(2) model

Lemma 1 (Moments of the stochastic regressors).
Given the SPD assumption on the derivatives of the SRF, we obtain the fol-
lowing moments of the stochastic regressors x1 and x2. The conditional dis-
tribution of the endogenous regressors x̃ = (x, z)′, given the SPD assumption,
and β is

ln x̃ | β ∼ N
[
µx = γ +B−1λ,Σx = (B′Σ−1

λ B)−1
]

(32)

with B given as

B =
(
β1 − 1 β1

β2 β2 − 1

)
(33)

or we can write briefly y(i) or yi | β ∼ N [λi, τ2
i ] for i = 1, 2.

Note: the density of x̃ = (ln x1, ln x2)′ can be evaluated by the density of
ln λ by

p(x̃ | µx, Σx) =
2∏
i=1

p(λi | µλi , τ2
i ) ∗ J (34)

where J is the Jacobian for transforming x to λ.

Proof. The 2 partial derivatives (??) constitute now a simultaneous regression
system - for fixed β coefficients - in the x and λ variables. By writing the 2
derivatives in matrix form we get for the expectation of the log derivatives
µλi = E ln(dyi), i = 1, 2
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µλ1 = ln β0 + lnβ1 + (β1 − 1)lnx1 + β2lnx2 (35)
µλ2 = ln β0 + lnβ2 + β1lnx1 + (β2 − 1)lnx2

We will make the following stochastic normal assumption about the size
of the individual derivatives:

ln λ = γ0 +B ln x ∼ N [µλ, Σλ] (36)

where µλ = (µλ1 , µλ2)′ and Σλ are the unknown parameters of the
observable stochastic partial derivatives (SPD). Now we define the vectors
lnx = ln(x1, x2)′ to rewrite (35)

γ0 =
(
β0 + ln β1

β0 + ln β2

)
and γ = B−1γ0, (37)

which are needed if we express the endogenous regressor variables as func-
tions of the SPD and SRF parameters:

x = B−1(ln λ− γ0) (38)
or(

ln x1

ln x2

)
=
(
β1 − 1 β1

β2 β2 − 1

)−1(
ln λ1 − β0 − ln β1

ln λ2 − β0 − ln β2

)
.

Next we have to find the variance of the endogenous ln x̃ = (ln x1, ln x2)′

variable vector

V ar(ln x̃ | β) = V ar(B−1λ) = B−1ΣλB
′−1 = (B′Σ−1

λ B)−1 (39)

and the therefore the whole distribution is normal as in (32).

The marginal likelihood of the data D given the modelM is computed by
the Newton-Raftery formula as an average over the MCMC sample

m̂(D | M)−1 =
1

nrep

nrep∑
j=1

(
n∑
i=1

ln l(Di | M, θj

)−1

(40)

where Di is the i-th data observation and with the parameters given for
iteration i by θj and the likelihood in (29). Note that the evaluation of the x
density can be done as in lemma 1.
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3.3 The SRF(2)X(q) model family

The SRF(2) model with 2 endogenous variables can be extended to a larger
regression model with additional exogenous regressors, which we will denote
by a SRF(2)X(q) model, where q is the number of exogenous regressors. As
an example for the extension of the SRF(2) model think about a model that
includes a market competition variable. The extension to a SRF(2)X(1) model
can be done in the following way: Let s be the vector of share of the sales of
the own product in each region, then we can add this log share variable s in
the model equation:

ln y = β0 + β1ln x+ β2ln z + β3ln s+ ε (41)

Conveniently, this adds one more exogenous variable (s) plus the β3 parameter
in the estimation procedure and one more data set in D.

4 Application: Sales response in pharma marketing

In this section we discuss the application of the SRF(2) modeling with and
without exogenous variables to regional pharma sales in Germany for the
year 2008. From this data set we have taken regional whole sale data for the
products M11 and M13 and we want to relate it to the intensity of doctors
visits across all regions.
In the estimation we will use the following abbreviations for the variables:

• M11 (M13) ... visits of doctors for the product M11 (M13),
• U2008 (U08)... sales of the year 2008,
• U2007 (U07)... sales of the previous year (2007),
• Pop (lpop)... population of the region (in logs: lpop),
• PPP (lppp)... purchasing power potential (log: lppp),
• Docs (Docsm) ... number of doctors (visited),
• visits ... number of total visits (from the company),
• lv11, (lv13)... log number of visits on the product M11 (M13),
• A2007 ... size of the visiting area (region) in 2007
• pc (pp) ...per capita (per person)
• l’x’ (a leading l) ... log of the variable ’x’.

The dependent variable y are the log sales because there is a large variation
across regions. The sales responses are modeled by an SRF(k)-SPD model. In
a first step, we look at the model with sales in the year 2008 (’U2008’) and
the number of visits for the products M11 and M13 as regressor variable. To
get some insight into this data set we have computed the correlation matrix:

The correlation matrix for the log-transformed variables is

l2008pc l2007pc l11pc l12pc l13pc ldocs ldocsm a2007
l2008pc 1.00 0.74 0.39 0.35 0.37 0.68 0.62 0.16
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l2007pc 0.74 1.00 0.36 0.37 0.36 0.69 0.61 0.09
l11pc 0.39 0.36 1.00 0.18 0.49 0.47 0.74 0.09
l12pc 0.35 0.37 0.18 1.00 -0.02 0.49 0.50 0.05
l13pc 0.37 0.36 0.49 -0.02 1.00 0.51 0.62 -0.04
ldocs 0.68 0.69 0.47 0.49 0.51 1.00 0.82 -0.04
ldocsm 0.62 0.61 0.74 0.50 0.62 0.82 1.00 0.01
a2007 0.16 0.09 0.09 0.05 -0.04 -0.04 0.01 1.00

Fig. 6. Visits M11/M13 and Sales U2008 (in logs)

An interesting variance convergence relationship is given by the Figures (
6) and ( 7) on per capita visits for the products M11 and M13 for sales U2008
(in logs), respectively:

Model "visits M11 pc and U2008 pc":
The estimates (posterior means and SD) for this model are:
beta_0 (SD) = 1.121 ( 0.0827 )
beta_1 (SD) = 0.321 ( 0.0222 );
acceptance rate = 50.8 %
lambda (SD) = 27.8 ( 1.678 )
sigma (SD) = 1.26 ( 0.021 )
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Fig. 7. Visits per capita M13 and Sales U2008 pc (in logs)

OLS fit:
Residual Standard Error=1.2581, R-Square=0.1502
F-statistic (df=1, 1898)= 335.4101, p-value=0

Estimate Std.Err t-value Pr(>|t|)
Intercept 1.1237 0.0673 16.6984 0
X 0.3222 0.0176 18.3142 0

The model ”VisitsM11 and U2008”: The estimates (posterior means and
SD) for this model are:

beta0: 6.3658 (0.0747)
beta1: 0.0581 (0.0221)
acceptance rate= 37.6
mean(SD) of $\lambda$: 8.0263 (2.9337)
mean(sigma); sd(sigs) 0.9877 (0.0161)

Summary of the model ”Visits M13 and U2007”: The posterior means and
SD for this model are:
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Fig. 8. The bqote(beta) coefficients of visits and sales U2008 per capita (pc)

beta_0 (SD) = 6.497 ( 0.0452 )
beta_1 (SD) = 0.033 ( 0.0197 )
acceptance rate = 50 %
lambda (SD) = 11.753 ( 6.734 )
sigma (SD) = 0.991 ( 0.016 )

4.1 Adding exogenous variables to a SRF(1) model for pharma
data

In this section we estimate the model for th2 sales of the M11 product (ln
U2008M11) and we include 2 more regressors: ”log(visitsM13) ” and the
purchasing power potential PPP. The correlation between U2008 and the PPP
regressor is quite non-linear and negative, see figure (14):

The results of the Bayesian regression estimation are:

beta_0 (SD) = 1.152 ( 0.2507 )
beta_1 (SD) = 0.22 ( 0.0251 )
beta_2 (SD) = 0.19 ( 0.0239 )
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Fig. 9. Lambda, sigma of visits and sales U2008 pc

Table 1. Correlation

area vis M11 vis M12 vis M13 visits DocsM Docs A2007 U08 M1 U08 M2 Pop PPP U08 U07
area 1 0.2 -0.4 0.27 0.06 0.08 0.03 0.08 -0.07 0.04 -0.01 0 0.03 0.02
vis M11 0.2 1 -0.07 0.29 0.84 0.77 0.09 -0.23 -0.2 0.04 0.16 0.06 0.12 0.52
vis M12 -0.4 -0.07 1 -0.29 0.34 0.33 0.13 -0.23 0 -0.05 0.23 0 0.04 0.33
vis M13 0.27 0.29 -0.29 1 0.39 0.48 0.17 -0.09 -0.15 0 0.13 -0.03 0 0.18
visits 0.06 0.84 0.34 0.39 1 0.99 0.25 -0.34 -0.22 0 0.33 0.03 0.11 0.66
DocsM 0.08 0.77 0.33 0.48 0.99 1 0.29 -0.34 -0.22 0 0.36 0.02 0.1 0.65
Docs 0.03 0.09 0.13 0.17 0.25 0.29 1 -0.26 -0.1 0.02 0.39 -0.28 0.07 0.49
A2007 0.08 -0.23 -0.23 -0.09 -0.34 -0.34 -0.26 1 0.13 0.04 -0.27 0.02 0.36 -0.38
U2008 M1 -0.07 -0.2 0 -0.15 -0.22 -0.22 -0.1 0.13 1 0.1 -0.12 -0.02 0.06 -0.17
U2008 M2 0.04 0.04 -0.05 0 0 0 0.02 0.04 0.1 1 0 -0.02 0.07 0.03
Pop -0.01 0.16 0.23 0.13 0.33 0.36 0.39 -0.27 -0.12 0 1 -0.32 0.01 0.37
PPP 0 0.06 0 -0.03 0.03 0.02 -0.28 0.02 -0.02 -0.02 -0.32 1 -0.04 -0.1
U2008 0.03 0.12 0.04 0 0.11 0.1 0.07 0.36 0.06 0.07 0.01 -0.04 1 0.22
U2007 0.02 0.52 0.33 0.18 0.66 0.65 0.49 -0.38 -0.17 0.03 0.37 -0.1 0.22 1
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Fig. 10. Coefficients of Visits M11 and sales U2008

beta_3 (SD) = 0.19 ( 0.0359 )

acceptance rate = 51 %

lambda (SD) = 22.478 ( 2.268 )
sigma (SD) = 1.225 ( 0.02 )

The OLS fit is [ ls.print(lsfit(cbind(l11pc,l13pc,lppp),y)) ]

Residual Standard Error=1.2238, R-Square=0.1967
F-statistic (df=3, 1896)=154.7628, p-value=0

Name Estimate Std.Err t-value Pr(>|t|)
Intercept 1.1510 0.1987 5.7925 0e+00
l11pc 0.2197 0.0197 11.1394 0e+00
l13pc 0.1893 0.0191 9.9163 0e+00
lppp 0.0962 0.0283 3.3938 7e-04
#l11pc log visits of M11 per capita
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Fig. 11. Variances of Visits M11 and sales U2008

The distribution of the parameters are displayed in the next figures:

4.2 SRF(2)X: Pharma sales with exogenous variables

We consider the pharma sales examples again, but now we model the log
wholesales for product M11 (y = log(U2008 M11)) by two visits of 2 different
products (M11 and M13) from the same company. Is there a joint optimal
effect visible in the estimates? There are several variables for the exogenous
part of the SRF modeling possible:

• log U2007 ... sales of previous year (2007),
• lpop ... log population of the region,
• lppp ... log purchasing power potential,
• M11 (M13) ... visits of doctors for the product M11 (M13),
• l11 (l13) ... log visits of doctors for M11 (M13).

We start with the plain SRF(2) model, where the 2 input variables are the
log visits to the doctors: log(vis M11) and log(vis M13). The reason is, that
managers could react with intensified visits of doctors for the 2 related product
lines M11 and M13 in case the sales of one product, in our case M11, has not
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Fig. 12. Pharma sales: Betas of visits M13 and sales U2008

been satisfactory. Thus, the visits of the 2 product lines and the sales are
jointly dependent and should therefore be treated as endogenous variables-
The coefficient estimates for Model 1, the SRF(2) model lU08 = β0 +β1l11 +
β2l13 are

SRF(2) Model 1:
beta_0 (SD) = 6.2 ( 0.08 )
beta_1 (SD) = 0.5 ( 0.03 )
beta_2 (SD) = 0.4 ( 0.03 )
acceptance rate = 26.1 %
sigma (SD) = 0.821 ( 0.017 )
lambda1 (SD) = 0.630 ( 0.198 )
lambda2 (SD) = 0.411 ( 0.212 )

OLS estimates:
Name Estimate Std.Err t-value Pr(>|t|)
Int 6.1873 0.0587 105.4144 0
lv11 0.4791 0.0175 27.3478 0
lv13 0.3887 0.0184 21.1133 0
St. Error = 0.8865, R-Square = 0.9892
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Fig. 13. Pharma sales: Lambda and sigma of visits M13 and sales U2008

The log marginal likelihood is lml[SRF (2)] = −0.0003545622 and the follow-
ing figure 18 shows the simulated posterior distributions for a MCMC run of
10’000 samples.

In the next SRF(2)X(1) Model 2 we add log(PPP ), the purchasing power
potential, as 1 additional exogenous variable to the SFR(2) model.

The figure 19 shows the simulated posterior distributions for a MCMC
run of 10’000 samples. The log marginal likelihood is lml[SRF (2)X(1)] =
−0.0003053644 The coefficient estimates for Model 2, the SRF(2)X(1) model
lU08 = β0 + β1l11 + β2l13 + β3ppp are the following:

SRF(2)X(1), Model 2:
beta_0 (SD) = 6.2 ( 0.08 )
beta_1 (SD) = 0.5 ( 0.03 )
beta_2 (SD) = 0.4 ( 0.03 )
acceptance rate = 27.2 %
sigma (SD) = 1.21 ( 0.52 )
lambda1 (SD) = 0.72 ( 0.24 )
lambda2 (SD) = 0.53 ( 0.19 )

OLS estimates:
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Fig. 14. Betas of PPP and sales U2008pc

Estimate Std.Err t-value Pr(>|t|)
Int 6.4170 0.1339 47.9397 0.0000
lv11 0.4808 0.0175 27.4289 0.0000
lv13 0.3865 0.0184 20.9690 0.0000
ppp -0.0389 0.0204 -1.9091 0.0564
Residual St. Error=0.8859 ; R-Square=0.9893
F-statistic (df=4, 1896)=43640.96 (p-value=0)

Model 3 is a SFR(2)X(2) model and is obtained by adding the variable
docs = log(Docs) to the Model 2.

The figures 20 and ?? show the simulated posterior distributions for a
MCMC run of 10’000 samples. The log marginal likelihood is lml[SRF (2)X(1)] =
−0.00025939577.

The coefficient estimates for Model 3, the SRF(2)X(2) model lU08 = β0 +
β1l11 + β2l13 + β3ppp+ β4docs are

beta_0 (SD) = 4.501 ( 0.3827 )
beta_1 (SD) = 0.473 ( 0.0256 )
beta_2 (SD) = 0.365 ( 0.0264 )
beta_3 (SD) = 0.025 ( 0.0188 )
acceptance rate = 26.1 %
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Fig. 15. Betas of intercept and visits-M11 on sales U2008pc

sigma (SD) = 0.813 ( 0.13 )
lambda1 (SD) = 0.227 ( 0.256 )
lambda2 (SD) = -0.025 ( 0.272 )
OLS:

Estimate Std.Err t-value Pr(>|t|)
Int 4.4923 0.2653 16.9311 0.0000
lv11 0.4737 0.0172 27.4766 0.0000
lv13 0.3653 0.0183 19.9794 0.0000
ppp 0.0038 0.0207 0.1827 0.8551
docs 0.5015 0.0600 8.3517 0.0000
Residual St. Error=0.8702 R-Square=0.9896

4.3 The split SRF(2) model: using growth dummy variables

The SRF(2)X(q) family allows some convenient extensions to non-linear mod-
els by splitting the data set using a dummy variable. To find out if the en-
dogenous responses depend on the sign of the sales growth in the last year
we define a dummy variable Dposg which splits the observation into 2 groups:
positive or negative total sales growth in the year 2007/2008 (defined as:
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Fig. 16. Betas of PPP and visits-M13 on sales U2008pc

if(g78[i] > 0)Dposg[i] = 1). This model is a non-linear model and is called
growth split SRF(2)X(2) model and we first estimate it for 2 endogenous vari-
ables, and the dependent variable is again the log sales of product M11. From
the table of estimates we see that the dummy variable is significant, so there
is a difference of about 0.18 for the intercept (log M1 sales) of the SRF(2)
model.
The coefficient estimates for Model 4, the split SRF(2)X(2) model lU08M11 =
β0 + β1l11 + β2l13 + β3log(Docs/Area) + β4Dposg for M11 are

beta_0 (SD) = 12.125 ( 1.0853 )
beta_1 (SD) = 0.471 ( 0.024 )
beta_2 (SD) = 0.364 ( 0.0262 )
beta_3 (SD) = 0.476 ( 0.085 )
beta_4 (SD) = 0.174 ( 0.065 )
acceptance rate = 44.2 %
sigma (SD) = 0.758 ( 0.024 )
lambda1 (SD) = 0.63 ( 0.623 )
lambda2 (SD) = 1.574 ( 0.719 )
OLS

Estimate Std.Err t-value Pr(>|t|)
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Fig. 17. Lambda, sigma of the SRF(2)X(2) model on sales U2008pc

Fig. 18. Betas of the SFR(2) model on log sales: lU2008M1
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Fig. 19. Betas of the SFR(2)X(1) model on sales log(U2008M1)

Fig. 20. Betas of the SFR(2)X(2) model on sales log(U2008M1)

12.0985 0.7368 16.4193 0e+00
lv11 0.4700 0.0172 27.2828 0e+00
lv13 0.3639 0.0183 19.9252 0e+00
docpa 0.4733 0.0578 8.1865 0e+00
Dposg 0.1757 0.0463 3.7928 2e-04
Residual Standard Error=0.8689, R-Square=0.9897
F-statistic (df=5, 1895)=36304.97 (p-value=0)
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Fig. 21. Lambdas of the SFR(2)X(2) model on sales log(U2008M1)

The figures 22 and 23 show the simulated posterior distributions for the coeffi-
cients and the log marginal likelihood is lml[SRF (2)X(2)] = −0.0001264787.

Fig. 22. Betas of the split SFR(2)X(2) model on sales U2008-M1
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Fig. 23. Sigma and lambdas of the split SFR(2)X(2) model on sales U2008-M1

5 Summary

In this paper we have proposed the SRF(2)X model family to model regional
sales response model which might follow stochastic derivative constraints, as
it was suggested by Kao et al. (2005). Fortunately, the MCMC estimation
of the model turns out to be quite straightforward, despite the fact that the
constraints lead to a simultaneous sales model. Fortunately, the class of SRF
models with stochastic partial derivative (SPD) constraints seems to be quite
flexible and allows the consideration of exogenous variables as well. In a sim-
ulation study we have shown that the estimation without the optimality con-
straints create biases in the coefficient estimates. We have demonstrated this
approach by a regional pharmaceutical sale models for Germany. In a further
paper we will show that the SRF(p)X model family can be extended to a spa-
tial cross-sectional sales response model that takes the neighborhood structure
of the observations into account.

6 Appendix B: Selected R programs for SRF models

B1: The R Program for simulating a SRF(1) model with SPD constraints.

#Generate a constrained SR function SRF:
#W.Polasek, March09
# see Kao et al 05 and BP09
#
#1. Parameter set up
n=20 # sample size
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#target is biv. response function y = b0*x^b1 with
b0=2 #and
b1=1.5
# regressor generator is
lam = 3 #and
siglam = 1
#
#2. generate n=20 x-observations
# x-mean = (ln b0 + ln b1 - ln lam)/(b1-1)
xm = (log(b0) + log(b1) -log(lam))/(b1-1)
#The variance of x is
xvar = siglam^2/(1-b1)^2
xsig=sqrt(xvar)
#
# 3. Simulation of log x and log y
#
lx = rnorm(n,xm,xsig)
hist(lx)
yvar =.81
ysig = sqrt(yvar)
#
ym = log(b0)+ b1*lx
ly = rnorm(n,ym,ysig)
#
#simple OLS regression in logs#
ll =lsfit(ly,lx)
ll$coefficients
v=var(ll$residuals)

B2: The R program for MCMC estimation of the SRF(1) model.

#MCMC for the SRF(1) wp March09
n=10000 # of iterations
sigs = lams =rep(0,n) #Initialize arrays
acceptmu = 0 #start counters
bols= solve(t(X)%*%X )%*%t(X)%*%y
e=y-X%*%bols;sigy=sd(e)
thx=list(bx=c(0,0),Hxi=diag(2)/1000,s2x=0,nux=1)
lamx=list(sx=3,lam1x=1)
lam = log(mean(y/x) ) #simple starting value
beta=bols
for(i in 1:n) {

#Sampling beta
sb = samplebeta(y,x,X,beta,sig,a=2,thx,lam)
beta =sb$bet
betas= rbind(betas, beta ) #store beta
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acceptmu = acceptmu + sb$accept #counter mu
ss = samplesig(y,X,beta,thx) #Sampling sig
sig = ss$sig
sigs[i] = sig #store sig
ll = samplelam(y,x,beta,sig,lamx)
lam = ll$lam
lams[i] = lam #store lam
print(c(i,beta,lam,sig))
}

apply(betas,2,mean); apply(betas,2,sd);mean(acceptmu)

B3: The R Program for the SRF(2) model.

for(i in 1:n) {
#Sampling loop

ss = samplesiglam(y,x,z,beta,lam,thx)
siglam1[i] = siglam[1] = ss$sig2x
siglam2[i] = siglam[2] = ss$sig2z

ll = samplelam(y,x,z,beta,siglam,thx)
lam1 = ll$lam1; lam2 = ll$lam2
lams1[i] = lam[1]= lam1
lams2[i] = lam[2]= lam2 #store lam1/2

sb = samplebeta(y,x,z,X,beta,sig,a=2,thx,lam,siglam)
beta =sb$beta
betas= rbind(betas, beta ) #store beta
acceptmu = acceptmu + sb$accept #counter mu
#
ss = samplesig(y,X,beta,thx)
sig = ss$sigy
sigs[i] = sig #store sig
#sis= cbind(sis, as.numeric(sig))
#print(c(i,beta,lam,sig))
}
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