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Separation of supersonic ﬂow in a planar convergent–divergent nozzle with moderate expansion ratio is
investigated by solving the Reynolds-averaged Navier–Stokes equations with a two-equation k-! turbulence model.
The focus of the study is on the structure of the ﬂuid and wave phenomena associated with the ﬂow separation.
Computations are conducted for an exit-to-throat area ratio of 1.5 and for a range of nozzle pressure ratios. The
results are compared with available experimental data in a nozzle of the same geometry. The ﬂow separates by the
action of a lambda shock, followed by a succession of expansion and compression waves. For 1:5 < NPR < 2:4, the
computation reveals the possibility of asymmetric ﬂow structure. The computationally obtained asymmetric ﬂow
structures are consistent with previous experimental ﬂow visualizations studies. In addition, other ﬂow features such
as shock location and wall pressure distributions are also in good agreement with the experimental data. The present
study provides new information that conﬁrms earlier conjectures on the ﬂow–wave structure relevant to the
instability of the separated ﬂow in convergent–divergent nozzles of moderate expansion ratio.
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Introduction
EPARATION of supersonic ﬂow in a convergent–divergent
nozzle is a fundamental ﬂuid phenomenon that affects a large
variety of applications, from fuel systems to aircraft engine nozzles.
When a supersonic nozzle is operated at pressure ratios well below its
design point, a shock forms inside the nozzle and ﬂow downstream of
the shock separates from the nozzle walls. Even though ﬂow
separation is typically viewed as an undesirable occurrence, it may
have some interesting applications in the area of ﬂuid mixing.
Speciﬁcally, past work at the University of California, Irvine has
shown that ﬂow exiting a severely overexpanded nozzle exhibits a
strong instability that enhances mixing of the ﬂow itself and can also
be used as a ﬂuidic actuator to enhance mixing of an adjacent ﬂow [1–
3].
A large portion of the literature on nozzle ﬂow separation focuses
on prediction of the separation location in rocket nozzles. A review
paper by Morrisette and Goldberg [4], based on a variety of
experimental results, concludes that computational methods, like
those proposed by Reshotoko and Tucker [5], give reasonable
predictions of turbulent ﬂow separation in a nozzle with a large
divergence angle. However, generic methods for boundary-layer
separation prediction cannot capture entire series of events inside a
nozzle. Recently, a theoretical model proposed by Romine [6] helps
ﬁll this gap. For shocks with moderate Mach numbers (less than
2.25), Romine postulates that the jet ﬂow emerging from the shock is
above ambient pressure and adjusts to the ambient pressure via a
gradual underexpansion. It is important to note that this argument
applies only in the vicinity of the centerline of the nozzle, the shock of
which is normal or close to normal, and not in regions nearer to the
walls. On the walls, there is general consensus that the ﬂow adjusts to
the ambient pressure via a gradual compression.
Previous numerical studies of separated nozzle ﬂows, such as
studies by Hunter [7], Carlson [8], and Xiao et al. [9,10] show that
there is excellent agreement with available experimental data. In the
study of Hunter, which is a combined computational and
experimental investigation, two distinct separation regimes were
found in a planar nozzle with an area ratio of exit to the throat area
Ae =At of 1.8. For NPR < 1:8, the ﬂow shows three-dimensional
separation with partial reattachment. Fully detached two-dimensional separation is found for NPR > 2:0. The underexpansion of
ﬂow after the main shock, postulated by Romine [6], is evident from
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the computed Mach number contours, although this was not
explicitly stated.
The present study focuses more on the ﬂow structure than on
prediction methods. It is motivated in part by the large instability
associated with supersonic ﬂow separation, which can be used as an
excitation method for mixing enhancement [1–3]. In this sense, we
attempt to reproduce and expand on the experimental results of
Papamoschou and Zill [11], who experimentally investigated the
supersonic nozzle ﬂow separation inside such planar convergent–
divergent nozzles that produce ﬂows for such purposes. Their study
shows that for area ratio Ae =At  1:4 and nozzle pressure ratio
NPR > 1:4, the ﬂow pattern is asymmetric, characterized by a
lambda shock with one foot always larger than the other. This
asymmetry does not ﬂip during a given test run, but can change sides
from one run to the next. The ﬂow downstream of the Mach stem was
observed from schlieren pictures to expand to near-sonic speed and
exhibit an alternation of subsonic and supersonic regions. The
experimental measurements of centerline pressure distribution are
qualitatively consistent with this observation. It was also found that
for large Ae =At and NPR, the shock is unsteady but does not emit
resonant acoustic tones.
A different type of asymmetric ﬂow separation was previously
investigated in the ONERA S8Ch wind tunnel by Bourgoing and
Reijasse [12] and Reijasse and Bourgoing [13]. Steady and unsteady
asymmetric ﬂow separations in supersonic planar overexpanded
nozzles were induced by a second variable throat located
downstream of the test section. Depending on the setting of the
second throat, stable symmetric and asymmetric lambda shock
patterns were obtained in the test section. The asymmetries of the
separation and associated shock structure could be conditioned by
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Numerical Method
The Reynolds-averaged governing equations for unsteady
compressible turbulent ﬂow with a two-equation k-! turbulence
model are expressed as follows:
Z
I
Z
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W d 
Fc  Fd  dS 
S d
(1)
@t 
@

The vector W contains the conservative variables:
W  f ;
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where  is the density, u, v, and w are the three Cartesian velocity
components, and e0 is the total energy of the ﬂow, given by
e0  e  12u2  v2  w2 

(3)

The ﬂux vectors in Eq. (1) comprise the inviscid convective ﬂuxes Fc
and the diffusive ﬂuxes Fd . For the convective ﬂuxes, we include the
pressure term
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the state of the upstream boundary layers. Streamwise movements
and evolution of the shock wave were observed by high-speed
shadowgraphs. The measurement of the wall ﬂuctuating pressure
shows two low-frequency phenomena, with one large energetic
frequency band around 60 Hz probably due to the ﬂuctuations of the
separated ﬂow, and another less energetic peak at 200 Hz due to
shock-induced oscillation. The numerical simulation of the same
planar nozzle was examined by Deck et al. [14] using steady
Reynolds-averaged Navier–Stokes (RANS) equations with the
Spalart–Allmaras turbulence model. Depending on the different
initial ﬁeld used, two asymmetric and one symmetric shock
structures were computed.
The aim of the present paper is to numerically study in detail the
ﬂow structure and wave structures in the vicinity of the separation
shock, for the purpose of understanding the salient physics and
eventually modeling the ﬂow instability downstream of the shock.
The experiment by Papamoschou and Zill [11] is used as a basis for
comparison in which, unlike the study of Bourgoing and Reijasse
[12], Reijasse and Bourgoing, [13], and Deck et al. [14], symmetric
or asymmetric separated ﬂow are naturally occurring, depending on
the nozzle pressure ratio. In the following sections, the governing
equations and the numerical methods are brieﬂy outlined, followed
by a discussion of the numerical results and concluding remarks.
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where
  L    T
where L is the laminar viscosity, T is turbulent eddy viscosity,  
is turbulent closure constant equal to 0.5, and  is the stress tensor.
The source term S is deﬁned as

S
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with closure constants of   5=9,   0:075, and   0:09. The
shear stresses and heat ﬂuxes follow the customary Newton and
Fourier laws:
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where kL is the laminar thermal conductivity and kT is the turbulent
thermal conductivity.
The total enthalpy h0 is deﬁned by
h0  h  12u2  v2  w2 

(7)

Using the following relations for a perfect gas,
e  cv T;

h  cP T;

R  cp  cv ;

  cp =cv

nozzle throat

nozzle exit

and the ideal gas law
p=  RT
the pressure and total enthalpy can be evaluated as


p    1 e0  12u2  v2  w2 

(8)

(9)

and
h0  e0  p=

(10)

where cp and cv are the speciﬁc heats at constant pressure and
volume, respectively. The temperature is then given by

p
T
cp   1 

(11)

The coefﬁcient of laminar viscosity L is obtained by Sutherland’s
formula:
 3
L
T 2 Tref  110:3
(12)

ref
Tref
T  110:3
The basic numerical method used to solve the preceding system of
equations follows that described in detail by Sadeghi et al. [15]. A
cell-centered ﬁnite volume scheme is used to discretize the
governing equations. The k and ! variables are deﬁned at the cell
centers, in a similar fashion to the main ﬂow quantities. A central
difference scheme is used to discretize the diffusive terms. A scalar
dissipation Jameson–Schmidt–Turkel scheme is used for the
convective terms in the Navier–Stokes equation. A second-order
MUSCL-type (monotone upstream-centered scheme for conservation laws) upwind scheme is applied for the k-! equations. Parallel
computation is achieved through the implementation of messagepassing interface protocol. The computational domain is
decomposed by subdivisions of the structured grids. Each block is
considered as a single entity, and only ﬂow and turbulence quantities
at the block boundaries need to be exchanged.
After discretization in space, the governing equations are reduced
to a set of ordinary differential equations with only derivatives in
time, which can be readily solved using an explicit multistage
Runge–Kutta type of scheme. Here, a ﬁve-stage scheme is used. The
artiﬁcial dissipation is updated at stages 1, 3, and 5. Local pseudo
time-stepping is used to advance the ﬂow solution at the local
maximum speed. Residual smoothing is applied at stages 1, 3, and 5
to increase the stability limit. A multigrid method is adopted to

Fig. 1 Computational domain and grid distribution: a) overall
computational domain, both inside and outside the nozzle and b) mesh
distribution inside the nozzle.

accelerate the convergence of the solution, and a dual time-stepping
method is used for time-accurate unsteady time marching.
The same case as the planar 2-D convergent–divergent supersonic
nozzle tested by Papamoschou and Zill [11] is studied here. The
nozzle area ratio Ae =At is ﬁxed at 1.5 and the nozzle divergence angle
is 3.89 deg, the same value as in the experiment. Experiments were
conducted for 1:27  NPR  1:61. Computations are made for
NPRs between 1.27 and 2.4 and compared with the available
experimental data.
The computational domain includes the domain inside the nozzle
and an ambient region around the outer surface and downstream of
the nozzle, with ten throat heights downstream, upstream, and
normal to the jet axis. Figure 1 shows the geometry and grid
distribution inside the nozzle. The grid density is higher in the
divergent part of the nozzle to improve the resolution for capturing
shocks. The grid is clustered along the top and bottom walls. Gridindependence testing was conducted for 119 45, 237 85, and
355 127 resolutions inside the nozzle, and the result (not shown
here) shows that a 237 85 grid was adequately ﬁne to capture the
main ﬂow characteristics inside the nozzle. The total number of grids
used for the whole computational domain is 41,585. For a Reynolds
number based on the throat height of 5:5 106 , the minimum ﬁrst
grid point from the wall gives a y < 1.
Boundary conditions are imposed as follows: total pressure and
total temperature at the nozzle inlet are set to be p0  NPR pa and
Tt  Ta , respectively, where pa is the ambient pressure equal to
14.85 psi and Ta is the ambient temperature set at 290 K. No-slip
boundary conditions are speciﬁed for the nozzle top and bottom
walls, and the ambient pressure and freestream Mach number
(M  0:1) are set along the outer surface of the computational
domain. Pure air is simulated with   1:4.
The simulation was initially conducted with an unsteady timeaccurate dual time-stepping method. However, the convergence
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Fig. 2 Convergence history of maximum residual.

history and the computed shock location show the ﬂow to assume a
steady state, in contrast to the experiment, in which the ﬂow is
observed to show unsteadiness for some NPR values. This difference
is not entirely clear. Generally, in a computation with time-stepping
methods, convergence without any periodic oscillation in the
residual is a good indication that the phenomenon is steady. This is
particularly true if one uses a RANS time-averaged computation,
which does not handle any random unsteadiness. In the experiment
[11], there were no distinct resonant tones observed, which strongly
suggests that the unsteadiness is random and hence will not be
captured in any unsteady RANS computation. For these reasons, all
the computations here are carried out with the steady-state method, in
the interest of efﬁciency.
The typical convergence history of maximum residual of
momentum equation at NPR  1:61 is presented in Fig. 2. At least
two to three orders of residual reductions are obtained. As noted
previously, good convergence of a steady computation indicates that
no unsteady phenomenon could be calculated with unsteady
methods. All the results presented next are obtained by steady-state
methods, with Courant–Friedrichs–Lewy numbers varying from 2.0
to 4.0.

Computational Results and Discussions
Flow Pattern

Computed Mach number contours for NPR values from 1.27 to 2.4
are shown in Figs. 3a–3g. Note that the nozzle exit is located at
x=Ht  5:2. It is observed that a well-deﬁned lambda shock appears
inside the nozzle for all NPR values. The incident shock, reﬂected
shock, and the triple point characterize each lambda foot for which
the incident and reﬂected shocks merge into the Mach stem. With
increasing NPR, the separation point moves downstream of the
nozzle throat. One important feature is that for 1:5 < NPR < 2:4, the
lambda shock can be asymmetric, with a large foot occurring toward
one side of the nozzle. For higher NPR (NPR  2:4), the shock
becomes symmetric. The shock asymmetry is consistent with the
experimental observations by Papamoschou and Zill [11], although
the computed minimum NPR value (NPR > 1:5) for asymmetric
pattern occurring is slightly larger than the experiments at
NPR > 1:4. Typical experimental visualizations of the shock by
schlieren photography are compared with the computational
counterparts in Figs. 4 and 5.
In the experiments, the asymmetry did not ﬂip sides during a given
test run. However, from one experimental run to the next, the
asymmetry could change sides. For NPR > 1:5, only asymmetric
separation was observed in the experiment. In the computation,
separation is either symmetric or asymmetric, depending on the
nature of excitation applied to the initial ﬂowﬁeld. The initial
ﬂowﬁeld comprised a uniform inlet velocity with a perturbation of
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normal injection near the nozzle throat. The side and magnitude of
the perturbation can determine the consequent state of the shock
separation. It should be noted here that this cross-stream injection
was only used in the initial ﬂowﬁeld and not applied throughout the
computation. The aim was to initiate an asymmetric mode quickly
enough, not to maintain ﬂow asymmetry. Without this initial
excitation, the computation takes too long to assume an asymmetric
mode via any inherent asymmetry in the numerics. Initial injection
velocities of 1, 3, 5, 7.5, 10, and 15% of the local mean velocity were
tried. For injection values greater than 10%, the solution diverged for
all NPR values tested. For NPR  1:5, only symmetric solutions
were found for initial injection velocities of 10% or below. For
1:5 < NPR < 2:4, symmetric or asymmetric separation was
obtained, depending on the magnitude of the initial injection
velocity used. Generally, symmetric solutions persisted for initial
injection velocities of less than 5%. However, asymmetric solutions
were found for injection velocities in the range of 5 to 10%. The
asymmetric lambda shock can appear either on the top or bottom
wall, depending on the side in which one introduces the injection
velocities. It was found that for the same amount of perturbation, the
asymmetry becomes rapidly more pronounced with increasing NPR,
as shown in Fig. 3 with an injection velocity of 5%. For NPR  2:4,
only symmetric states were found for all injection velocities tested.
The existence of three shock patterns (one symmetric and two
asymmetric) at the same ﬂow and nozzle conditions (Ae =At  1:5
and NPR  1:61) are shown in Fig. 6. All three different shock
patterns are stable, and the axial shock locations are essentially the
same. As noted previously, the symmetric state is not observed in the
experiments for this NPR. One should keep in mind that the
experiment is also affected by an initial ﬁeld during startup. It is
virtually impossible to have perfectly symmetric conditions during
the startup process. Thus, it is not surprising, given the symmetric
and asymmetric possibilities, that the asymmetric state occurs
consistently in the experiment.
It is known from past works that two different separation patterns
can exist in overexpanded axisymmetric nozzles: free-shock
separation (FSS) or restricted-shock separation (RSS), as observed in
the studies of Hagemann et al. [16], Östlund et al. [17], and Östlund
and Muhammad-Klingmann [18]. In FSS, the nozzle ﬂow fully
separates from the wall and the separation region extends
downstream from the separation point to the nozzle exit. In contrast,
for RSS, the separated ﬂow reattaches to the nozzle wall and the ﬂow
becomes supersonic downstream of the reattachment point. Similar
separation patterns are obtained here for a planar nozzle, as shown in
Fig. 3. For NPR  1:5, separation is symmetric and the FSS pattern
is obtained for both top and bottom walls. For 1:5 < NPR < 2:0,
separation is asymmetric, with the larger separation region
accompanied by a larger lambda shock foot. Flow separates at the
origin of the incident oblique shock and forms a shear layer that
bounds the recirculation region. The reﬂected branch of the lambda
shock further reﬂects from the shear layer and forms an expansion
wave. The asymmetry of the ﬂow could well be the manifestation of
the Coanda effect, whereby a jet surrounded by, or adjacent to, a
surface attaches to that surface. At NPR  2:4, the separation line
approaches the nozzle exit and the recirculation zone opens to the
ambient region. The separation pattern transits from RSS back to
FSS, causing the overall ﬂow pattern to become symmetric. This
phenomenon, sometimes referred to as an “end effect,” is commonly
found in supersonic nozzle ﬂow [18]. To provide more details of the
asymmetric separation, Fig. 7 plots the streamline pattern through the
shock and iso-Mach number contours in the large separation region.
As in Fig. 3e, the FSS and RSS regions are evident.
The evolution of the shock area ratio As =At versus the pressure
ratio is presented in Fig. 8, in which the present computational results
are compared with both experimental data and one-dimensional
inviscid theory. Here, As is deﬁned as the area corresponding to the
axial position of the Mach stem (normal shock). As seen from the
ﬁgure, the computations are in good agreement with the experiments.
The scatter of the experimental data around NPR  1:60 is caused by
the unsteadiness of the shock motion that our computation does not
capture, as discussed earlier. The experimental data relied on
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Fig. 3 Mach number contours at different NPR values: a) NPR  1:27, b) NPR  1:34, c) NPR  1:47, d) NPR  1:61, e) NPR  1:70, f) NPR  2:0,
and g) NPR  2:4.

instantaneous ﬂow visualization pictures, thus capturing the
unsteady motion of the shock. The discrepancy of the experimental
and computational results with the one-dimensional theory is
substantial. The shock sits at a station in which the area ratio is much
smaller than that predicted by one-dimensional theory. The theory
predicts that ﬂow past the shock recovers (compresses) monotonically to the ambient pressure. In reality, the ﬂow past the Mach stem
ﬁrst expands and then compresses, as we shall see from our
computations in the later part of this paper. The shock feels a local
back pressure higher than the theoretical value and thus sits upstream
of the theoretically predicted location.
Static Pressure Distribution

In presenting the wall pressure distributions, given the ﬂow
asymmetry, we need to distinguish between the wall with the larger
separation zone and the wall with the smaller separation zone. We
begin here by showing the pressure distribution on the wall with the
smaller separation zone, plotted in Fig. 9. The computed pressures
agree well with the experimental measurements. The pressure

distributions have the classic shape of expansion, shock jump, and
recovery. For lower NPRs, the pressure downstream of the shock
recovers to the ambient pressure in a gradual way. For NPR  2:0
and 2.4, the pressure recovery is more immediate.
Next, we compare the pressure distributions on the top and bottom
walls, shown in Fig. 10. For low NPR values such as 1.27, because
the lambda shock is symmetric, there are no noticeable differences
between the top and bottom walls. However, for a large NPR such as
1.61, subtle differences exist between the two walls as a result of the
asymmetric shock pattern. On the side of the larger separation zone
(top wall), the pressure recovers linearly with axial distance. On the
side of the small separation zone (bottom wall), the pressure shows a
faster initial rise, followed by a gradual recovery to ambient value on
the bottom wall on which the smaller foot occurs. Papamoschou and
Zill [11] found the same behavior in their experiments. The
difference in pressure distribution on the top and bottom walls is
consistent with the asymmetric separation pattern discussed in the
previous section. The typical characteristic of wall pressure
distribution for FSS and RSS is more clearly reﬂected in Fig. 11 at
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Fig. 4 Comparison of the ﬂow pattern for a symmetric lambda shock at
NPR  1:33: a) experimental spark schlieren ﬂow visualization [11] and
b) computed schlieren picture.

NPR  2:0.The separation point for the smaller separation zone
(bottom, RSS) locates further downstream than in the large
separation zone (top, FSS). The pressure rise across the shock is
larger for the smaller separation zone than for the larger separation
zone.
The pressure distribution along the centerline of the nozzle, shown
in Fig. 12, is very different from the wall pressure distribution, but is
consistent with the measurements of Papamoschou and Zill [11].
Downstream of the Mach stem, the ﬂow expands rapidly and then
compresses. Romine’s [6] hypothesis of ﬂow recovery via an
underexpansion is thus only partly valid. Our computational results
show that the underexpansion is a localized phenomenon and is
always followed by a compression zone. Detailed examination of the
ﬂowﬁeld in the next section will show that the ﬂow compression is a

Fig. 6 Mach number contours for three different shock waves at
Ae =At  1:5 and NPR  1:61: a) symmetric shock, b) asymmetric
lambda shock with a large foot at the top wall, and c) asymmetric lambda
shock with a large foot at the bottom wall.

nozzle exit

A
B

Fig. 7 Streamline pattern and Mach number contours for separated
ﬂow with NPR  1:70 [dashed lines are streamlines; solid lines are Mach
number contours (minimum is 1.00, maximum is 1.52, and the interval is
0.2)].

Shock location area ratio: As/At

1.3

Fig. 5 Comparison of the ﬂow pattern for an asymmetric lambda shock
with a large foot at the bottom wall: a) experimental spark schlieren
visualization (NPR  1:50 [11]) and b) computed schlieren picture
(NPR  1:54).
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Fig. 10 Top and bottom wall pressure distribution at NPR  1:27 and
1.61; top wall has large separation zone for NPR  1:61; lines indicate
computation (dash, bottom wall; solid, top wall) and symbols indicate
experiments [11] (open symbols, top wall; solid symbols, bottom wall).

consequence of the expansion wave. Our computation and Romine’s
model are consistent in that an underexpansion creates a large back
pressure for the shock, which causes the shock to sit closer to the
throat than one would predict using one-dimensional theory.
Shock Structure

In this section, we discuss in detail the wave and ﬂuid phenomena
associated with ﬂow separation. The computational results of Fig. 3
0.6
bottom: restricted-shock separation, RSS
top: free-shock separation, FSS

P/Po

0.5

0.4

0.3

0.2

0

Simpliﬁed schematic of the shock and ﬂow structure.

1

2

3

4

5

x/Ht
Fig. 11 Top and bottom wall pressure distribution for NPR  2:0 with
free-shock separation on the top wall and restricted-shock separation on
the bottom wall.

and the experimental pictures of Fig. 5 reveal a succession of weak
waves past the main shock for large NPRs. The ﬂow immediately
downstream of the main shock accelerates to supersonic speed,
recompresses, and then reaccelerates. The sketch of the successive
shock pattern and ﬂow structure as proposed by Papamoschou and
Zill [11] is recreated and ampliﬁed in Fig. 13. Subscripts 1 and 2
denote the conditions before the Mach stem and after the incident
oblique shock, respectively. Subscripts 3a and 3b represent the
conditions after the Mach stem and reﬂected oblique shock,
respectively. Subscripts 4 and 5 represent the condition after the
expansion and compression, respectively, following the main shock.
To quantify the interaction between the waves and the separation
shear layer, Table 1 lists the Mach numbers in the aforementioned
regions and the basic parameters of the shock geometry. Hs is the
height of the Mach stem and Ht is the height of the throat. Carroll and
Dutton [19,20] previously observed similar phenomena that they
termed as “multiple normal shock train” in a nearly constant area
rectangular with undisturbed Mach number of 1.61. They found a
symmetric shock structure, in contrast with the experiments of
Papamoschou and Zill [11] and with results of the present
computation that reveal the likelihood of asymmetric separation.
Mach number distributions along the center plane of the main
Mach stem for different NPRs are shown in Fig. 14. The expansion
(acceleration) immediately after the Mach stem is clearly seen for all
NPRs. Because of the rapidity of this expansion, the Mach number
M3a immediately past the shock is not resolved accurately in the
computation and thus is slightly higher than that given by the normal
shock relations. Successive recompression and expansion waves are
obtained for larger NPRs such as 1.61, 1.70, and 2.0. Figure 15 shows
the Mach number distribution along the center plane of the Mach
stem and along the A–B plane (shown in Figs. 7 and 13) for
NPR  1:70.
The effect of NPR on the shock structure can be seen in Table 1 and
Figs. 14 and 15. The Mach numbers immediately before the Mach
stem (M1 ), after the incident shock (M2 ), after the reﬂected shock
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Table 1 Effect of nozzle pressure ratio on the shock structure
Large separation zone
NPR
1.27
1.34
1.47
1.61
1.70
2.0
2.3
2.4

M1
1.23
1.39
1.44
1.50
1.56
1.65
1.67
1.69

M3a
0.810
0.795
0.780
0.770
0.750
0.740
0.825
0.840

M4
0.93
0.95
1.05
1.10
1.19
-

M5
0.96
0.94
0.93
-

Hs =Ht
0.637
0.545
0.509
0.454
0.424
0.409
0.31
0.10

’
40 deg
48 deg
48 deg
50 deg
52 deg
48 deg
43 deg
42 deg


6 deg
8 deg
11 deg
13 deg
15 deg
11 deg
11 deg
8 deg

(M3b ), and after the expansion wave (M4 ) all increase with increasing
NPR. For all NPRs, the ﬂow after the incident oblique shock (M2 ) is
supersonic. In the range 1:5 < NPR < 2:4, the lambda shock is
asymmetric, therefore M2 on the large lambda foot side is always
smaller than M2 on the small lambda foot, because of the larger ﬂow
deﬂection  on the side of the larger separation zone. For
NPR > 1:47, the reﬂected shock is of the weak type, thus the Mach
number after the reﬂected shock (M3b ) is supersonic. The resulting
entropy layer between regions 3a and 3b becomes stronger as NPR
increases. Given that M3b is supersonic, the reﬂected shock reﬂects
from the shear layer as an expansion wave, which accelerates the
ﬂow past the Mach stem to supersonic speed (M4 > M3b > 1). The
expansion wave reﬂects from the shear layer as a compression wave
(eventually coalescing into a shock) and decelerates the ﬂow to a
high subsonic Mach number (M5 < 1). This trend is more obvious
for larger NPRs, as seen in Fig. 14. Generally, two to three successive
expansion/compression systems past the main shock are observed
from the computation. For NPR  2:3 and 2.4, as the shock sits near
the exit of nozzle, the compression and expansion waves occur

M2
1.08
1.12
1.16
1.16
1.21
1.28
1.30
1.40

Small separation zone
M3b
0.86
0.90
0.93
1.02
1.02
1.03
1.03
1.05

’
40 deg
48 deg
48 deg
45 deg
47 deg
45 deg
40 deg
42 deg


6 deg
8 deg
11 deg
10 deg
13 deg
10 deg
10 deg
8 deg

M2
1.08
1.12
1.16
1.22
1.31
1.36
1.36
1.40

M3b
0.86
0.90
0.93
1.04
1.04
1.06
1.07
1.07

Separation
Symmetric
Symmetric
Symmetric
Asymmetric
Asymmetric
Asymmetric
Asymmetric
Symmetric

downstream of the nozzle exit. The shock angle ’ and the deﬂection
angle  increase with NPR and then decrease. The height of the Mach
stem decreases monotonically with increasing NPR, which is similar
to the experimental observations.
Finally, we discuss the behavior of the turbulent kinetic energy,
k  12 u02  v02  w02 , normalized by the square of the perfectly
expanded exit velocity Upe . The normalization removes the obvious
effect of increasing k with increasing velocity of the separated ﬂow.
2
with NPR. The
Figure 16 shows the variation of the k=Upe
normalized turbulent kinetic energy peaks inside the separation shear
layers and is greater in the shear layer surrounding the larger
2
is
separation zone. Toward the exit of the nozzle, the level of k=Upe
observed to drop. In the central region of the nozzle, the ﬂuctuation
levels are very small. With increasing NPR from 1.27 to 2.4, the
maximum level of the normalized turbulent intensity level increases
slightly (by about 7%) and the location of the maximum turbulent
intensity moves toward the nozzle exit plane.

Conclusions
1.6
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1.2
NPR=2.0
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NPR=1.70
NPR=1.61
NPR=1.47

0.8

NPR=1.34

0.6

0

1

2

3
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Fig. 14 Mach number distribution along the center plane of the Mach
stem.
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Fig. 15 Mach number distributions along the center plane of the main
Mach stem and the A–B plane (shown in Figs. 7 and 13) for NPR  1:70.

The separated ﬂow in a convergent–divergent nozzle is studied
computationally for a nozzle of an exit-to-throat area ratio Ae =At of
1.5 and over a range of nozzle pressure ratios. The computations use
the Reynolds-averaged Navier–Stokes equations with a twoequation k-! turbulence model to examine the ﬂow physics of
asymmetric separated ﬂow in a symmetric nozzle. The experimental
results from Papamoschou and Zill [11] are used as benchmark to
assess the computational results. The following conclusions can be
drawn:
1) Unlike in the experiment, no unsteady shock movements were
captured, despite initial attempts to time-resolve any unsteady
motion in the ﬂow. In all computations made here, the ﬂow
converges to a steady state. This may be in line with the experimental
observation that there is no distinct resonant tone, indicating a
possible lack of acoustic feedback mechanism. The inability of the
RANS computation to capture the unsteady motion of the shock may
well conﬁrm that the motion is indeed random.
2) For 1:5 < NPR < 2:4, the computation reveals the possibility of
symmetric and asymmetric separation, depending on the initial
ﬂowﬁeld. The asymmetric ﬂow separation structures computed are
consistent with experimental observations. For higher values of
NPR, for which the shock sits closer to the nozzle exit, only
symmetric separation is formed.
3) The computed wall pressure distribution is in good agreement
with experimental data, which show a gradual pressure recovery to
ambient pressure after the separation shock. Subtle changes in the
recovery due to asymmetric separations were captured accurately by
the computations. The static pressure distribution along the nozzle
centerline shows a rapid ﬂow expansion past the Mach stem,
followed by compression.
4) Consistent with the centerline static pressure distribution, ﬂow
immediately downstream of the separation Mach stem expands
rapidly to a higher velocity, contrary to the prediction of onedimensional theory. For NPR > 1:5, this higher velocity is
supersonic and the ﬂow is subjected to a succession of expansion and
compression waves. Expansion past the Mach stem causes the shock
to sit at an area ratio much smaller than that predicted by
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2
Fig. 16 Normalized turbulent kinetic energy k=Upe
contours at different NPRs: a) NPR  1:27, b) NPR  1:34, c) NPR  1:47, d) NPR  1:61,
e) NPR  1:70, f) NPR  2:0, and g) NPR  2:4 (minimum is 0.0074, maximum is 0.74, and the interval is 0.022).

one-dimensional theory. More important, the interaction of the
successive waves with the separation shear layer could be a critical
ingredient for the violent instability of the separation shear layer
observed in the experiments.
5) For the asymmetric case, the larger separation zone dominates
the nozzle ﬂow past the shock and exhibits higher turbulence levels
than the smaller separation zone. From the experiments, the shear
layer enclosing the larger separation zone is known to be highly
unstable and caused very large eddies to be formed inside and outside
the nozzle. The RANS computation presented here captures this
phenomenon, albeit in a statistical sense. As our interest is to exploit
this phenomenon as a means for ﬂuidic actuation to enhance jet
mixing, the capability of the method to compute this ﬂow is
important. This allows us to use this as a tool to assess such ﬂuidic
phenomenon and can be further used to predict the unsteadiness of
the plume exiting the nozzle.
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