Appendix 11.1 Conditions for intertemporal efficiency and

optimality

Appendix 4.1 considered the conditions for efficiency and optimality in a timeless economy. To do
that it explicitly analysed an economy in which two individuals each consumed two commodities,
each of which was produced by two firms, each using two kinds of input, capital and labour. We
noted that having just two of everything simplified the analysis without any loss in regard to the
essentials. In the same spirit, here we consider just two periods of time, which we label 0 and 1.
Considering the Appendix 4.1 economy for just two periods would still produce a model with lots
of variables and symbols. To keep things as simple as possible, while not overlooking anything
essential, we will have each commaodity produced by just one firm, and we will assume that the only
input to production is capital. As will be seen, the result is still a fairly complicated, or at least
cluttered, model, and in much of the literature intertemporal analysis works with models that
involve aggregations of various kinds. We will look at some of the widely employed specialisations
of the basic model at the end of this appendix. It is worth looking at the general model, as doing so

makes clear the implicit assumptions in the aggregated models.

You may find it useful to take a look again at the appendices to Chapter 4 before working through

this appendix and the next, so as to refresh your memory in regard to notation etc.



Al11.1.1 Intertemporal rates of substitution and transformation

There are two individuals A and B, each of whom consumes two commodities X and Y, in each of

two periods 0 and 1. Their utility functions are

UA = UAXA, XA, YA, YA) and

UB = UB(xBy, xBy, YBy, YB))

where a superscript identifies an individual and a subscript a period. For derivatives, the notation to
be used here is an extension of that used in Appendix 4.1 so as to indicate period. Thus, for
example, we write UAXO for BUA/ OX'A{), A’s marginal utility with respect to the consumption of X

in period 0.

We can now define intratemporal — within period — and intertemporal — across period — marginal
rates of utility substitution. Thus, for examples, A’s intra-temporal MRUS with respect to X and Y

in period 0 is

A
dy,*

MRUS},,, =

for dX ' =dY =0, while A’s intertemporal MRUS with respect to X in period 0 and X in period 1
is

dy,?

MRUSQO,Xl = dY_A
0



for dY (’j = leA = 0. These MRUSs have the same interpretation as previously. Thus, for example,

MRUS'%(O,Xl is the slope of an indifference curve in X /' /X » space, multiplied by —1 so that

MRUS is a positive number. Considering

dUA=UL, dX ) +U%dX) =0

for example, leads to

_dyt

MRUSQ0 w1 = dYOA

The full set of marginal rates of utility substitution for individual A is:

ug
MRUS},,, =

YO

ug
MRUSQO X1 —

X1

UA

MRUS"(AOYl - UYO I\/lRlJSYO X1

Y1

—%0 MRUSy, ,, =

UXO ,MRUS},,, =

A
UXl
A
Y1

A
UXO
A
Y1l

A
UYO

Xl

An exactly equivalent set can be written for individual B.

(11.39)



Consider the production of commodity X. The production function for period 0 is

Xp=Xo(Kq )

where Kf)( is the amount of capital existing at the beginning of period 0, and hence the amount
employed in the production of X during period 0. We make the assumption that the commaodity X is
such that it can either be consumed or added to the capital stock for the production of X. This
greatly simplifies the analysis. Actually, of course, what happens is that the producers of X use
some of the proceeds from sales of X to buy capital equipment. Our assumption short-circuits this
and avoids the need to introduce further notation for capital goods and the price thereof. The output

of X is, then, either sold for consumption, XC, or invested, X! = K —K X, where K is the capital

stock at the beginning of period 1. Thus, we have

C X | X X X
Xg =XgKy ) =Xp =Xg(Ko )= (K —K2)

=Xg(KJ ) —K) +K) (11.40a)

for period 0, and proceeding in the same way for period 1 gives
XS = XK )= Xg =X (K, ) = (K —K[))

=Xy (K ) —K) +K[ (11.40.b)



We are interested in the marginal shifting of the consumption of X as between periods 0 and 1 by a

marginal change in the level of investment in period 0. We define the, intertemporal, marginal rate

of transformation for X § and X{ as

dx
dx S

MRTY, =

From equations 11.40

dX 5 =XkodK, —dK ;) +dK

and

dX{ = XgqdK, —dK 5 +dK

where X g = 0Xg/0K*Xy is the marginal product of capital in period 0, and similarly for Xk 1. With

dK*%y = dK% =0

dXS X 0K +dK X

dX¢ —dK
so that
C
MRTO),(I = jilc =1+ Xy (11.41a)

0



and similarly

dy,©
= =1+Yy, (11.41b)

0

MRT;, =

Al11.1.2 Efficiency conditions

The problem to be considered to derive the intertemporal efficiency conditions is

Max UA=UAX S, X Y8 v

subject to

UB(XG, X7, Y5, YP)=2

X X X A B
Xo(K o) = (KX =Ky )=Xp +Xg

X1(K )= (KJ —K)=xD +x?

Yo(Kg)— (K, —Kg)=Yo +Y7?

YK )—(K) —K])=Y} +y?]

Here, Z is some arbitrary fixed level for B’s utility, and the opening and closing stocks of capital in
each line of production are taken as given. The allocation problem concerns the commodity

consumptions of A and B in each period, and the amount of investment in each line of production.



The Lagrangian is

L=UA=UAXA X2 YA v
+aq[UBXE, XB vE YE)_27]
+aolXoK ) — K +KE —X0 —x2]
FgIXg(K] ) =K + K =X =XF]
+a4[Y0(K o) —K{ +Kg =Yg -Y{]

Y Y Y A B
+7\.5[Y1(K1)—K2 +K;, -Y; _Yl]

giving the first-order conditions:



GTOA:UQO_AZ:O
8X1A =Ux1_ﬂ3=0
oL A
aYOA =U;,-4,=0
aYlA =U;; -4, =0
oL B
ﬂ:/ﬁuxo_ﬂz:o
EZAUM_%:O
oL B
GYOB _j’lUYO_ﬁ“zl:O
oL B
ﬁYlB :/’ilqu_ﬂ'S:O
oL
8K1X =A2+23XK123:O
oL
K 214+25XK125:O

(11.42a)

(11.42b)

(11.42¢)

(11.42d)

(11.42¢)

(11.42f)

(11.42g)

(11.42h)

(11.42i)

(11.42j)



From the eight conditions on consumption, 11.42a to 11.42h, using the MRUS definitions from

Section A11.1.1, we have:

MRUS % oyo = MRUS 34y0 = Ao/Ag (11.43a)
MRUS %1y =MRUS %, \; =3/Ag (11.43b)
MRUS %o x1 = MRUS 5o, =2/23 (11.43c)
MRUS %y1 = MRUS 5 o1 = Ao/As (11.43d)
MRUS Yy, =MRUS{ y; = Ag/hg (11.43¢)
MRUS Y, 1 = MRUS () =Ag/A3 (11.43f)

Note that these are an extended version of the consumption efficiency conditions for the
intratemporal allocation problem — the two individuals must have the same MRUS for all possible
pairs of commodities. In saying this we are treating the same physical commodity at two different
dates as two different commodities — we are, for example, treating X in period 0 as a different

commodity from X in period 1.

If we had explicitly shown a labour input to production, we would have obtained intratemporal
production efficiency conditions, the same as those in Chapter 4, for each line of production in each

period.
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The necessary conditions relating to investment, 11.42i and 11.42j, can be written

1+ Xk =2lAg (11.444)

and

1+ YKl = 7\.4/7\.5 (11.44b)

and comparing these with 11.43c and 11.43e, using the definitions for the marginal rates of

transformation provided in Section A.11.1.1 above, gives

MRUS %, x; = MRUS, ,, =CMRTg, (11.45a)

MRUSY,,, =MRUS{,; =MRT, (11.45b)

For each commaodity, the intertemporal MRUS has to equal the MRT.

In the chapter, the conditions for intertemporal efficiency were stated, following the practice in
much of the literature, in terms of rates of return to investment in different lines of production and
the consumption discount rate. To demonstrate the equivalence of the conditions derived here with

that statement of the conditions requires some definitions and an assumption.
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Taking the assumption first. Assume that for both individuals

MRUSxq yo = MRUSx1 y1 (11.46)

which by 11.43a and 11.43b implies

h_A

PR
or

A _ A

A s

which by 11.44a and 11.44b gives:

XK1= YK1 (11.47)

Efficiency requires the equalisation of the marginal product of capital in each of the lines of

production.

This is equivalent to requiring equality of rates of return to investment, as in equation 11.3 in the
chapter. The rate of return to investment is defined as difference between the increase in the next
period consumption pay-off and the associated increase in current investment, expressed as a

proportion of the increase in investment. In terms of X, the definition is

dXC —dX:

)
X dx;
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where the increase in investment dX (') entails an equal decrease consumption dX § . Substituting —

dX g for dX g in the definition

_dX7 —(=dXg) dxC—dXS  dx?

= =—1 1
X —dX ¢ —dX ¢ dx ¢

which, using 11.41a, gives:

5x = XKl

Marginal products and rates of return are the same things. Hence, 11.47 can be written, as in the

chapter, in terms of rates of return as:

ox = Oy (11.48)

Consider A’s intertemporal marginal utility rate of substitution for commodity X and define as A’s

consumption discount rate for commaodity X:

A A
Fxox1 = MRUS y oy, -1 (11.49a)

We can also define

A A
Myoy1 =MRUSyqy, —1 (11.49Db)
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for A, and
B _ B
Fxox1 =MRUS;x; —1 (11.49c)
and
B _ B
Mvoyi =MRUSy,y; -1 (11.43d)

for B. With these definitions we can restate the intertemporal MRUS conditions from 11.43 in terms

of commodity consumption discount rates as

A B
Mxox1 = Fxox1 (11.49)

A B
Myoy: =Tyoy1 (11.49f)

in the same manner as equation 11.2 in the body of the chapter.

Using the definitions for commodity consumption discount rates, from 11.43c and 11.44a, replacing

marginal product by rate of return gives

1+r§o,x1:1+r>B<o,x1:1+xK1:1+8X

and similarly from 11.43e and 11.44b

1+r$0,Y1 :1+r$O,Y1 =1+VYky=1+3dy
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from which

A _ B B
Mxox1 = Fxox1 = 90X

and

A _.B _
Mvoyi = Tyoy: =9y

which by the equality of rates of return, 11.48, is

r=3§ (11.50)
where sub- and superscripts can be dropped as consumption discount rates, across commodities and
individuals, are required to be equalised along with rates of return, across commaodities. Equation

11.50 here is the same as equation 11.4 in the body of the chapter.

It is important to be clear that although consumption discount rates and rates of return are often
written without subscripts in the literature, as in equations 11.4 and 11.50 here and elsewhere in this
text, they are not parameters. It is partly because getting to them via marginal rates of

transformation and substitution may help to make this clear that we have done things that way.

The assumption 11.46 is that for each commodity pair, individuals indifferently exchange at the
margin at a rate which is time-invariant. In terms of individuals facing given prices, this is, as will
be made explicit in Appendix 11.2 below, the assumption that the relative prices of commaodities are

constant over time.

Note that there is another assumption that does the same job as 11.46. We could assume that for
both consumers within both periods the two commaodities are perfect substitutes for each other. In

that case the intratemporal marginal rates of utility substitution are unity, i.e.
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MRUS yoyo = MRUS 50,0 =1
and

MRUS 41y, =MRUS 5, ; =1

which by 11.43a and 11.43b gives

Ak
A A

so that
A _ M
A A

which gives equal marginal products, Xk1 = Yk1, by 11.44a and 11.44b. This is the assumption

effectively adopted in the chapter, and in much of the literature, to simplify the exposition. See also

Section A11.1.4.1, on aggregation over commodities, below.
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Al11.1.3 Optimality conditions

The relationship between the optimality problem and the efficiency problem, and between the
necessary conditions arising in each case, is the same as in the static case examined in Appendix

4.1. Confirming this is left as an exercise for the reader — see Problem 1.

All1.1.4 Some specialisations

All.1.4.1 Aggregation over commodities

In order to focus more on the intertemporal dimensions of the efficiency and optimality problems,
we can specify them in terms of a single commaodity, Q say, which can be either consumed or

invested. Then the efficiency problem is

Max UA(C ', C )

subject to
uBicy,cl)=z
Qo(Kp) - (K1 ~Kg)=Cg +Cp

Q1(Kp) - (Ko-Ky)=C, +C}
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For
L=UAC,, C{)+1[UB(C,, C1)-2]
+A9[Qo(Kg) — K1 +Kg—C g —C2]
+23[Q1(Kp) ~Kp +Ky ~C,* —C/]

necessary conditions are

UAcg -2 =0
UAr1—23=0
MUBrg-219=0
1UBy —23=0

A2 +A3QKk1 +23=0

from which it is now straightforward to derive the intertemporal efficiency condition as

MRUS &y, = MRUS S ; =[IMRT,;

which can also be stated as

rA=rB=35 (11.51)

i.e. the equality of the (common) consumption discount rate with the rate of return to investment.
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Given this aggregation, the optimality problem is

Max W{UA(C ¢, C}), UB(C], C})}

subject to
Qo(Ko) - (K1 ~Kg)=Cg +Cg

Q1(Kp) - (Ko-Ky)=C} +C;

It is left to the reader to confirm that the necessary conditions for a welfare optimum here are 11.51

plus

W, _Us U

— = 11.52
W, U4 U4 (152

where W, = dW/6UA and Wg = oW/8UB.

With this specification of the problem there is no condition requiring the equality of rates of return
to investment. This condition can be recovered by modifying the specification so that there is a
single commodity produced by many firms across which production functions differ. The outputs of
the various firms are, that is, perfect substitutes in consumption. In this case, with i = 1,..., N firms,

the efficiency problem is



Max UAC &, C )

subject to

uBccg,cly=z
Y Q) (Ky) —(K) —Ky)}=Ch +C¢

¥1 {QY(K}) - (K, ~K})}=C) +Cf

for which the necessary conditions are

UArg—22=0
UAr1 —23=0
AMUBrg—219=0
AUBr —23=0

Ay +A3Qkq +%3=0,i=1,2,.,N

from which

rA:rB:éSi

for all i.

19
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Al1.1.4.2 Aggregation over individuals

In order to focus solely on matters intertemporal, we could further specialise the problem

specification by explicitly considering just one ‘representative’ individual. In that case we consider

Max U(Cq, Cq)

subject to

Qo(Ko) - (K1 -Kg) =Co

Q1(Kp) - (Ko -Kp)=Cq

with Lagrangian

L = U(Cq, C1) + 22[Qq(Ko) — K1 + Kg - Co]

+ Ks[Ql(Kl) -Koy + K- Cl]

for necessary conditions

Uco—22=0
Uc1—-23=0

Ao+ }“3QK1 +Ag= 0

from which we get
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MRUS = MRT
or

r=3s (11.53)

A widely used variant of U(Cq, Cq) is

W{U (C,).U(C, }=U (CO)+[ﬁ]u ()

which has overall utility as the sum of current utility and discounted future utility; the parameter p is
the utility discount rate. Some observations on terminology and notation here appear in the text of

the chapter.

With this form of maximand, the two-period optimisation problem becomes

Max W =U (co){mju )

subject to

Qo(Kp) - (K1 —Kg) = Cp
Q1(Kp) - (Kp-Kq)=Cq
with Lagrangian

L=U(CO)+£$]U(C1)
+/12 I:QO(KO)_K1+ Ko_Co]

+/13[Q1(K1)_K2+K1_C1]



for necessary conditions

Ug -4, =0

1
(g5 et
A+ 4Qk +4 =0

from which we get

UCo

[L/(1+ p)Uq, =1+ Qu

or

U,  1+p

UCO - 1+QK1

(11.54)

Note that 11.54 implies, given decreasing marginal utility, Ucc < 0, that:

Forp>Qg1, C1 <Co
Forp=0Qk1,C1 = CO

Forp<Qk1.C1>Cp

The model just considered is the simple optimal growth model considered in the chapter here, and
in Chapter 3. For given utility and production functions, a given utility discount rate and given
initial and terminal stocks of capital, it determines period 0 saving/investment, and hence
consumption levels in the two periods. Such a model takes it as given that the intratemporal and

intertemporal efficiency conditions are satisfied, and aggregates over commaodities and individuals.



A11.1.4.3 Consumption and utility discount rates

Given that in

W{U (C,),U(C,)}=U (C0)+(

contemporaneous utility is a function only of current consumption, W{.} can be expressed with

consumption levels as arguments. Utility discounting then implies consumption discounting. The

consumption discount rate is defined as

— dC, 1
dC,
For
W=U(C,)+ ——|u(c)
1+ p
we have
1
dW :UCOdCO+ E UCldcl

so that with dW = 0, the MRUS is

a6, _ U
dC, [1/(1+p)Ue,

and

UCo _1(1+p)UCO -1

r =
[1/(1+ P)]U01 Ue,

(11.55)
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This shows that the consumption discount rate depends on the utility discount rate, and on the levels
of marginal utility, and hence, given the utility function, on the consumption levels, in each period.
In fact, with diminishing marginal utility, we can see that for given consumption levels r increases

as p increases, and that for given p r increases as the ratio of Cq to Cq increases. Working in

continuous time it is possible to derive the expression for r in terms of p and the growth of C that
was used in Chapter 3 in the discussion of the ethics of discounting. First write equation 11.55 in

terms of any two adjacent periodstandt + 1 as

_ Uc,t _[1/(1+p)]UC,t+l
[l/(1+p)]UC,t+1

which in continuous time is

d -pty 7
a[e U (C)]

r=
e "U’(C,)
which gives
[
_ure)s
=p——r (11.56)
u'(c.)
Define as the elasticity of marginal utility
u’(C,)C
n=— —( t) t (11.57)

u'(c)



and 11.56 can be written as

r=p+1ng

0
where g is the growth rate for consumption, C, /C.,.

(11.58)
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