Appendix 4.3 Market failure

A 4.3.1 Public goods

In the two person, two commaodity, two resource economy considered in the preceding
Appendix, now let X be a public good and Y a private good. Given the results
established there regarding the conditions for efficiency in relation to firms in the
same industry, we can simplify here without loss by assuming that each commaodity is
produced in an industry which has just one firm. Given that we are taking the defining
characteristic of a public good to be that it is consumed in the same quantity by all, we
can state the problem from which the necessary conditions for efficiency are to be
derived as:

Max UA(X, Y*)

subject to
UBX, Y®) =z
X(KX, LX) = X

Y(KY, L") =Y +Y®
KT = KX+ KY
LT=L"+LY
The Lagrangian for this problem is
L = UAX, Y& + M[UB(X, YB) - Z]

+ W[ XK, L) - X]

+ag[Y(KY, LY) - YA-YF]

+h[KT - KX - K"]

+s[LT - L% - LY]

from which the necessary conditions for maximisation are:

2—;=U§+xlui—x2 =0 (4.44.2)

—US -2, =0 (4.44.b)



v ALUS -2, =0 (4.44.c)
aiLX =2, X —A, =0 (4.44.d)
;LLX =A,X, —A; =0 (4.44.8)
=Y~k =0 (4.44.)
aal_LY =AY, —hg = (4.44.9)

Consider first equations 4.44.d to 4.44.g, which relate to production. They imply

Ko _rs Y
X Ay Yy
which is

MRTSx = MRTSy

so that production efficiency is required. They also imply

Yo _h Y

Xe Ay X,

which is

MRT, = MRT, = ;”—2 (4.45)
3

so that as regards production activities, the conditions in the presence of a public good
are the same as in the standard case, see Appendix 4.1, where there are no public
goods.

Now consider equations 4.44.a to 4.44.c, which relate to consumption. From
equations a and b there

U2 a, AUB
U_f\ _ }L_z __a X (4.46.2)
Y 3 3

and using equation 4.44.c we can write
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and adding 4.46.a and 4.46.b gives:
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Using the definition for MRUS, equation 4.47 is

>

MRUS* + MRUS® = 2

>\,3

so that from equation 4.45 we have the condition
MRUS” + MRUS® = MRT

stated as equation 4.15 in the chapter.

(4.46.h)

(4.47)

(4.48)



A 4.3.2 Externalities: consumer to consumer

As in the text, we ignore production in looking at this case. Given that we have not
previously looked at a pure exchange economy, it will be convenient first to look at
such an economy where there is no external effect.

To identify the necessary conditions for efficiency, we look at

Max UA(XA, YA

subject to

UBXB, YB) =2z

X=X+ XP

Y =YA+ YR

where X" and YT are the total amounts of the two commaodities to be allocated as
between A and B. The Lagrangian for this problem is

L = UAX, Y2) + 0 [UB(X, YB) - 7]
+ [ X - XA - XB]
+ha[YT- YA - Y]

and the necessary conditions are

ai_*\ = Uk =0
aiLA — UL -2, =0
a(z(LB = 4US -1, =0
6‘3‘8 — 4US 2, =0

from which we get

ust U

A2
Uv Uy 2

which is the same consumption efficiency condition as for the economy with
production, i.e. MRUS” = MRUS®. We already know, from Appendix 4.2, that



consumers facing given and fixed prices Px and Py and maximising utility subject to a
budget constraint will satisfy this condition.

Now, suppose that B's consumption of Y is an argument in A's utility function. We
are assuming that Y® is a source of dis-utility to A. Then the maximisation problem to
be considered is
Max UA(XA, YA, YB)
subject to
UB(XB, YB) =2
X=X+ X5
Y =Y~ +Y®
for which the Lagrangian is
L = UAXA, YA, YB) + M [UB(XE, YB) - Z]
+ [ X - XA - XP]
+3[YT - YA - YE]

with necessary conditions

aiLA _UA—2, =0 (4.49.3)
ai_’* =US -1, =0 (4.49.b)
(;I(—B =A4US -1, =0 (4.49.c)
;—LB:uéB +,U% -2, =0 (4.49.d)

where U$, = aU*/aY®. Note that Y® is a source of dis-utility to A so that U%, <O0.
From 4.49.a and 4.49.b we get

A
U—f\ A (4.50.a)
UY ;\‘3

from 4.49.c



U = & (4.50.b)
>\‘1
and from 4.49.d
7\‘ A
== Y (4.50.c)
7\‘1 }\’l
so that using 4.50.b and 4.50.c
B
U; = As - (4.50.d)
UY }‘3 - UYB

Looking at 4.50.a and 4.50.d we see that with the externality, efficiency does not
require the condition MRUS” = MRUS®. But we have just seen that, facing just the
prices Px and Py, market trading between A and B will give MRUS” = MRUS®. So
given the existence of this externality, market exchange will not satisfy the conditions,
4.50.a and 4.50.d, for efficiency.

Suppose now that there exists a central planner who knows the two agents' utility
functions and the quantities of X and Y available. The planner's objective is an
efficient allocation, to be realised by the two agents individually maximising utility on
terms set by the planner, rather by the planner telling the agents at what levels to
consume. The planner declares prices Px and Py, and also requires B to compensate A
for her Y® suffering at the rate ¢ per unit of Y®. In that case, A's utility maximisation
problem is

Max UA(X?, Y2, YB)
subject to
PyxX® + PyYA = M” + cY®

where M” is A's income before the receipt of any compensation from B. The
Lagrangian for this problem is:

L = UAXA, Y2, YB) + Ra[PxX® + PyYA - MA - cY®)

Note that Y® is not a choice variable for A. The level of Y® is chosen by B. The
necessary conditions for A's maximisation problem are

oL

—cr = Uk TP =0
a@_‘\ =U% +2,P, =0

from which



3_2 _ E_x (4.51.9)
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B's utility maximisation problem is

Max UB(XB, YB)

subject to

PxX® + PyY® =M® - cY®?

the Lagrangian for which is

L = UB(X®, YB) + Ag[PxX® + PyY® - M® +cY®]

with necessary conditions

oL

o = Uk HhePy =0

oL
aY—B:UE +7\‘BPY +7\,BC:0

from which

Ux __Px
us P, +c

(4.51.b)

So, we have 4.50.a and 4.50.d as the efficiency conditions and 4.51.a and 4.51.b as the
individual utility maximising conditions. Comparing 4.50.a and 4.50.d with 4.51.and
4.51.b, it will be seen that they are the same for:

7\,2:Px,7\,3:PYandC:-U$B

If, that is, the planner solves the appropriate maximisation problem and sets Px and Py
at the shadow prices of the commodities, and requires B to compensate A at a rate
which is equal to, but of opposite sign to, A's marginal dis-utility in respect of the
external effect, then A and B individually maximising utility given those prices and
that compensation rate will bring about an efficient allocation. The planner is putting
a price on the external effect, and the required price is A's marginal dis-utility.

However, as shown in the discussion of the Coase theorem in the body of the chapter,
it is not actually necessary to have this kind of intervention by the planner. If A had
the legal right to extract full compensation from B, had a property right in an un-



polluted environment, then the right price for efficiency would emerge as the result of
bargaining between A and B.

In considering the consumption to consumption case in the chapter we argued that the
liability/property right could be assigned the other way round and still bring about an
efficient outcome. The corresponding procedure with a planner setting the terms on
which the two agents maximised utility would be to have the planner work out what
Y® would be with the externality un-corrected, say Y®*, and then require A to
compensate B for reducing Y® below that level. In that case, A's maximisation
problem would be

Max UA(XA, YA, YB)

subject to

PyX™ + PyYa=M"-b(YE* - YB)
and B's would be

Max UB(X®, YB)

subject to

PxX® + PyY® = MB + b(Y®* - YB)

where we use b for 'bribe'. It is left as an exercise to confirm that this arrangement
would, given suitable Px, Py and b, produce an efficient outcome.

The situation considered in the chapter actually differed from that considered here in a
couple of respects. First, in that example the external effect involved A doing
something - playing a musical instrument - which did not have a price attached to it,
and which B did not do. In the un-corrected externality situation there, A pursued the
‘polluting’ activity up to the level where its marginal utility was zero. In the chapter,
we considered things in terms of monetary costs and benefits in a partial equilibrium
context, rather than utility maximisation in a general equilibrium context. Thinking
about that noise pollution example in the following way may help to make the
connections, and make a further point.

Let Y” be the number of hours that A plays her instrument. Consider each individual's
utility to depend on income and Y*, so that U” = UA(M*, Y?) and U® = UB(M®, Y#),
where 8U”/8Y” > 0 and dUB/8Y* < 0. Consider welfare maximisation for given M*
and M®. The problem is

Max W{UAM?, Y&, UB(MB, Y#)}

where the only choice variable is Y*, so that the necessary condition is:

WA UéA = -WB UEA

For equal welfare weights, this is



U¢A =" U?(A

or

Marginal cost of music to A = Marginal benefit of music to B

which is the condition as stated in the chapter. The further point that the derivation of

this condition here makes is that in the standard simple story about the Coase
Theorem implicitly assigns equal welfare weights to the two individuals.

A 4.3.3 Externalities: producer to producer
To begin here, we suppose that the production function for Y is
Y = Y(KY, LY, S) with Ys = 8Y/8S > 0
and for X is
X = X(K*, LY, S)with Xs=8X/8S <0
where S is pollutant emissions arising in the production of Y and adversely affecting
the production of X. The Lagrangian from which the conditions for efficiency are to
be derived is:
L = UAXA, Y2) + a[UBXE, YB) - 7]

+ [ X(KX, L%, S) - X - XB]

+a3[Y(KY, LY, S) - YA- Y®]

+u[K - KX - K]

+as[L" - L% - LY]

The reader can readily check that in this case, taking derivates of L with respect to
XA YA Xg, YB, KX, L*, KY and L gives, allowing for the fact that there is just one
firm in each industry, the consumption, production and product mix conditions
derived in Appendix 4.1.2 and stated in the chapter. Taking the derivative of L with

respect to S gives the additional condition

% =1, X +A,Ys =0

A Y (4.52)



10

Now, suppose that a central planner declares prices Px = A, Py = A3, Pk= A4, PL = As,
and requires that that the firm producing Y pay compensation to the firm affected by
its emissions at the rate ¢ per unit S. Then, the Y firm's problem is

Max PyY(KY, LY, S) - PkKY -P.LY - ¢S

with the usual necessary conditions

PyYk-Pk=0

PyY_-PL=0

plus

PyYs-c=0 (4.53)

Compare equation 4.52 with 4.53. If we set ¢ = -PxXs then the latter becomes

PyYs=-PxXs

or

Px — _Ys (4.54)
PY XS

which, for Px = X, and Py = A3, is the same as equation 4.52. With this compensation
requirement in place, the profit maximising behaviour of the Y firm will be as
required for efficiency. Note that the rate of compensation makes sense. PxXs is the
reduction in X's profit for a given level of output when Y increases S. Note also that
while we have called this charge on emissions of S by the Y firm ‘compensation’, we
have not shown that efficiency requires that the X firm actually receives such
compensation. The charge c, that is, might equally well be collected by the planner, in
which case we would call it a tax on emissions.

In the chapter we noted that one way of internalising a producer to producer
externality could be for the firms to merge, or to enter into an agreement to maximise
joint profits. A proof of this claim is as follows. The problem then is

Max PxX(K*, L, S) + Py(KY, LY, S) - Px(K* + K") - P (L + L")

for which the necessary conditions are

! However, if c takes the form of a tax rather than compensation paid to the X firm, the question arises
as to what happens to the tax revenue. It cannot remain with the planner, otherwise the government, as
she does not count as an agent. If the planner/government has unspent revenues, it would be possible to
make some agent better off without making any other agent(s) worse off. Given the simple model
specification here, where, for example, there is no tax/welfare system and no public goods supply, we
cannot explore this question further. It is considered, for example, in chapter 4 of Baumol and Oates
(1988), and the 'double dividend' literature reviewed in chapter 10 here is also relevant.
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PxXk-Pk=0
PxX_-PL=0
PyYk-Pk=0
PyY_ -PL=0

which, given Px = A,, Pk = A4 etc satisfy the standard (no externality )efficiency
conditions, plus

PxXs+ PyYs=0

This last condition for joint profit maximisation can be written as

which is just equation 4.54, previously shown to be necessary, in addition to the
standard conditions, for efficiency in the presence of this kind of externality.

In Chapter 2 we noted that the fact that matter can neither be created nor destroyed is
sometimes overlooked in the specification of economic models. We have just been
guilty in that way ourselves - writing

Y =Y(KY, LY,S)

with S as some kind of pollutant emission, has matter, S, appearing from nowhere
when, in fact, it must have a material origin in some input to the production process.
A more satisfactory production function for the polluting firm would be

Y =Y(KY, LY, RY, S{R'})

where R is the input of some material, say tonnes of coal, and S{R"} maps coal
burned into emissions, of say smoke, and oYIORY =Yg >0, 8Y/6S = Y5> 0 and
dSIGRY = Sgy > 0 We shall now show that while this more plausible model

specification complicates the story a little, it does not alter the essential message.
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To maintain consistency with the producer to producer case as analysed above, and in
the chapter, we will assume that in the production of X the use of R does not give rise
to emissions of smoke. Then, the Lagrangian for deriving the efficiency conditions is:
L= UAXA, YA) + [UP(XE, YF) - Z]
+ L[ X(KX, LY, R, S{R"}) - X* - XB]
+a3[Y(KY, LY, RY, S{R"}) - YA- Y®]
+ KT - K- K]
+as[L" - L% - LY]
+2[RT-R*-R"]
In the production function for X, OXIOR™ = Xg > 0 and &X/6S = Xs < 0. The reader
can confirm that taking derivatives here with respect to all the choice variables except

R™ and R" gives all of the standard conditions. Then with respect to R* and RY, we
get

ail_x =1, Xg =2 =0 (4.55.a)
oL
RY Ay XsSpy + A3 Yg + A3 YsSpy =4 =0 (4.55.b)

As before, suppose a planner who sets Px = A;,....P. = As plus Pr = Ag and a tax on the
use of R in the production of Y at the rate t. Then the profit maximisation problem for
the firm producing Y is

Max PyY (K", LY, RY, S{R"}) - PkK" - P.LY - PgR" - tR"

and for the firm producing X it is

Max PxX(K*, L*, R%, S{R"}) - PkK* - P_.L* - PgR*

If the reader derives the necessary conditions here, which include

PyYr +PyYsSry - Pr-t=0 (4.56)

she can verify that for Px = A,,....P. = A5 and Pg = A with

t = - PxXsSgry (4.57)

independent profit maximisation by both firms satisfies the standard efficiency
conditions plus the externality correction conditions stated above as equations 4.55.a
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and 4.55.b. The rationale for this rate of tax should also be apparent - Sgy is the
increase in smoke for an increase in Y's use of R, Xs gives the effect of more smoke
on the output of X for given K*and L, and Py is the price of X.

Now consider joint profit maximisation. From

Max PxX(KX, L%, R%, S{RY}) + Pv(K", L", RY, S{R'})
- Pr(K*+ KY) - PL(L + LY) - Pr(R* + RY)

the necessary conditions are

PxXk-Pk=0

PxXL-PL=0

PyYk-Pk=0

PyYL-PL=0

PxXg-Pr=0

PyYr + PyYsSry + PxXsSry - Pr =0

Substituting from equation 4.57 into 4.56 for t gives the last of these equations,

showing that the outcome under joint profit maximisation is the same as with the tax
on the use of R in the production of Y.

A 4.3.4 Externalities: producer to consumers

The main point to be made for this case concerns the implications of non-rivalry and
non-excludability These are not peculiar to the producer to consumers case, but are
conveniently demonstrated using it. To simplify the notation, we revert to having
emissions in production occur without any explicit representation of their material
origin. As noted in the analysis of the producer to producer case, this simplifies
without, for present purposes, missing anything essential. We assume that the
production of Y involves pollutant emissions which affect both A and B equally,
though, of course, A and B might have different preferences over pollution and
commodities. Pollution is, that is, in the nature of a public bad - A/B's consumption is
non-rival with respect to B/A's consumption, and neither can escape, be excluded
from, consumption.
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The Lagrangian for the derivation of the efficiency conditions is
L = UAXA YA, S) + M[UB(XE, YB, S) - 7]
+ A [X(K*, LX) - XA - XF]
+as[Y(KY, LY, S) - Y- YP]
+ KT - K- K]
+as[LT - - LY]

where 6U”/8S = U% <0, 0UP/aS = U2 < 0 and Y/8S = Ys > 0. The necessary
conditions are:

afb\ =U%-1,=0 (4.58.a)
af:_‘\ _UA—4, =0 (4.58.b)
;(LB =2UB -2, =0 (4.58.c)
afI(_B _AUB 4, =0 (4.58.d)
Z—; =U$ +2,Ug +14,Y =0 (4.58.€)
af(Lx = ,X =24, =0 (4.58.1)
%:zzxL 4 =0 (4.58.9)
ai—LY =AY -4, =0 (4.58.h)
aaLLY =AY, -2, =0 (4.58.1)

The reader can check that these can be expressed as the standard consumption,
production and product mix conditions plus

UL +24,U8 =4, Y, (4.59)
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from equation 4.58.e.

Now suppose that a central planner declares prices Px = A, Py = A3, Pk = Agand Py =
As. Proceeding as done previously in this Appendix, the reader can check that utility
and profit maximisation at these prices will satisfy all of the standard conditions, but
not equation 4.59. Suppose then that the planner also requires the producer of Y to
pay a tax at the rate t on emissions of S. Considering

Max PyY(KY, LY, S) - PkKY - P_LY -tS

gives the standard conditions

PyYk-Pk=0
PlLy-P.=0
plus
PyYs-t=0

which can be written as

t= A3Ys (460)
Comparing equations 4.59 and 4.60, we have the result that, in this case, achieving
efficiency as the result of individual utility and profit maximisation requires, in

addition to the usual 'ideal' institutional arrangements that the producer of Y faces an
emissions tax at the rate:

t=-{Us +2,US] (4.61)
Note that since U2 and U¢ are both negative, the tax rate required is positive.

In the chapter, we stated that the correction of this kind of externality required that the
tax rate be set equal to the marginal external cost at the efficient allocation. We will
now show that this is exactly what the result 4.61 requires. From equation 4.58.c

and from equation 4.58.a

)\'2

U

1=

so that equation 4.61 can be written
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which, using Px = A, is

A B
UX UX

or
t =P, [MRUS} + MRUS | (4.62)

as stated at equation 4.17 in the chapter.? The tax rate is the monetary value of the
increases in X consumption that would be required to hold each individual's utility
constant in the face of a marginal increase in S. We could, of course, have derived the
marginal external cost in terms of Y, rather than X, compensation.

In this case, the joint profit maximisation solution is clearly not, even in principle,
available for the correction of the market failure problem. Nor, given the public good
characteristic of the suffering of A and B, is property rights/legal liability solution.
The way to correct this kind of market failure is to tax the emissions at a rate which is
equal to the marginal external cost arising at the efficient allocation. It can be shown
that where there is more than one source of the emissions, all sources are to be taxed
at the same rate. The checking of this statement by considering
L = UAXA YA, S) + M[UB(XE, YB, S) - 7]

+ [ X(KX, LY, S%) - XA - XB]

+ag[Y(KY, LY, SY) - YA- YB]

+u[K" - K- K]

+as[LT - L% - LY]

+2[S - S*-S"]

% To recapitulate, the marginal rate of substitution here is derived as follows. For U(X, Y, S)
dU = UxdX + UydY + UsdS

so for dU and dY =0

0 = UxdX + UgdS

and

Ys __dX
U, dS
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is left to the reader as an exercise. The result also applies where total emissions
adversely affect production as well as having utility impacts - consider

L = UAXA YA, S) + M [UB(XE, YB, S) - 7]
+ [ X(K, L, S%, S) - X - XF]
+a3[Y(KY, LY, SY,S)- YA-YB]
+ M[KT - K- K]
+as[LT - L - L]
+hg[S - S*-SY]

where 0X/0S <0 and dY/0S < 0.

A 4.3.5 The polluting monopolist

As in section 5.11, it is convenient here to refer to a monopolist, but the analysis
applies to any firm that faces a downward sloping demand function. The analysis here
is based on Barnett (1980): see also Baumol and Oates (1988).

The monopolist's demand function is P(Y) with 0P/dY < 0 and the cost function is C
= C(Y, S) with 6C/aY > 0 and 0C/dS < 0 - reducing emissions for output constant is
costly. If emissions are taxed at the rate t, the monopolist selects Y and S so as to
maximise net profits

1=P(Y)Y - C(Y, S) - tS
with necessary conditions

om _ P, o C_

T Y4P-Z2 =0 (4.63a)
oY oY oY

and

@=—@—t=0 (4.63b)
oS 0S

The EPA wants to set the tax rate on emissions so as to maximise the net, of pollution
damage costs, benefits from the production of Y. In terms of the partial analysis of

section 5.6, this is the area under the demand function for Y less the monopolist's cost
of production less the cost of pollution damage. It chooses t, that is, so as to maximise



18

Fwwv—qxg—D@

where D stands for damage costs related to emissions according to the function D(S).
To find the rate required for t, totally differentiate this maximand with respect to t to
get the condition:

pdY_oCdy aCds aDdS_ .60

dt oY dt oS dt oS dt

The rate for t has to be calculated to account for profit maximisation by the
monopolist, whose profit maximising conditions 4.63a and 4.63b can be written as:

o OC_oP

oY oY
and

ac

t=——
0S

Substituting from here into the condition 4.64 gives

(£ P )i v, & DS,
oY oY Jdt oY dt dt oS dt
where multiplying both sides by dt/dS, cancelling and re-arranging gives:

=P ydv, D (4.65)
oY dS oS
Now, the price elasticity of demand for Y is

oY P

P Y
from which

Py__P
oY n

so that equation 4.65 can be re-written as:

t==-T (4.66)
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The first term here is the marginal cost of emissions damage, ie marginal external
cost. The emissions tax rate required for the price taker firm is equal to marginal
external cost. According to 4.66, the tax rate required for the monopolist is lower than
that, by an amount that depends on the price elasticity of demand, n, price, P, and
dY/dS, which is the marginal response of output to decreased emissions. Note that as
n gets larger, demand becomes more elastic, so the second term in 4.66 gets smaller,
and that in the limit for perfectly elastic demand - the price taker case where 1 is
infinity - the tax rate required is equal to marginal external cost.

There is another way of writing this result. From the definition for n

pP__ P _ o
NPT oy
oPY
while
P-MR=P- P+EY =—EY
oY oY

where MR stands for marginal revenue, so that 4.66 can be written as

=@—(P MR)d—Y

ds

t

(4.67a)

which by virtue of MC = MR for the profit maximising monopolist can also be
written as

t=@—(P— |v|c)°'—Y (4.67D)
S ds

where MC stands for marginal cost. Given that the price taking firm maximises profit
with MC = P, we see again that for the price taking firm this collapses to tax rate
equal to marginal external cost.



