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CHAPTER 9: COMPARATIVE STATICS OF FISHERY ECONOMICS

We begin by laying out the equations that are used in the fishery models covered in the textbook and in these additional materials. The analysis in the chapter text uses continuous time notation. This convention is largely followed in this Word file. However, when we use Excel for dynamic simulation (as in exploit5.xls) we necessarily adopt discrete time, as spreadsheets are set up to do calculation recursively in discrete time intervals. To help the reader, we give the reader the model specifications in both forms (although our derivations are done here only in continuous time).  

THE FISHERY MODELS: GENERAL FUNCTION SPECIFICATION


Continuous Time Model
Discrete Time Model

Pure biological growth (1)
dS/dt = G(S)  
St+1-St = G(St)

Fishery production  function (2)
H = H(E, S)
Ht = H(Et, St)

Net growth of fish stock (3)
dS/dt = G(S) - H
St+1-St = G(St) - Ht

Fishery revenue (4)
B = PH,    P constant
Bt = PHt,   P constant

Fishery costs (5)
C = C(E)
Ct = C(Et)

Fishery profit (6)
NB = B - C
NBt = Bt - Ct





FISHING EFFORT DYNAMICS



Open access entry rule (7)
dE/dt = dNB
Et+1-Et =dNBt

Private property entry rule (8)
dE/dt = d(dNB/dE)*E
Et+1-Et =d(dNBt/dEt)*E





STEADY STATE CONDITIONS



Biological equilibrium (9)
G = H
Gt = Ht

Economic equilibrium (10)
E(t) = E* 
Et+1 = Et = E* 

FISHERY MODEL: WITH ASSUMED FUNCTIONAL FORMS


Continuous Time Model
Discrete Time Model

Pure biological growth (1)
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Fishery production  function (2)
H = eES
Ht = eEtSt

Net growth of fish stock (3)
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Fishery revenue (4)
B = PH,   P constant
Bt = PHt,    P constant

Fishery costs (5)
C =wE
Ct =wEt

Fishery profit (6)
NB = B - C = PeES -wE
NBt = Bt - Ct = PeEtSt -wEt





FISHING EFFORT DYNAMICS



Open access entry rule (7)
dE/dt = d(PeES -wE)
Et+1-Et =d(PeEtSt -wEt)

Private property entry rule (8)
dE/dt = d(dNB/dE)*E
Et+1-Et =d(dNBt/dEt)*Et





STEADY STATE CONDITIONS



Biological equilibrium (9)
G = H
Gt = Ht

Economic equilibrium (10)
E(t) = E* 
Et+1 = Et = E* 

Analytical expressions for the steady state values of S, E and H

The following table collects together and lists analytical expressions for the steady state stock, effort and harvest levels under open access and static private property. Those for the PV maximisation regime are too long to insert here, and are listed in the Maple file exploit6.mws (or exploit6.htm). The derivations of each these expressions are given later in these notes.


Open access
Private property (static)
PV maximisation

S*
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E*
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H*
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COMPARATIVE STATICS

We can use the expressions given in the Table above to make qualitative predictions about the effects of changing a particular parameter on the equilibrium levels of S*, E* and H*. Doing this is known as comparative statics. 

For example, how will S* change as w rises or as P increases? Inspection of the formula in the top left cell shows that S* will increase if w increases and will decrease if P increases. 

However, it is not always easy to identify the sign of these effects by just inspecting the formula. And sometimes, we will not be able to make unambiguous predictions about the sign of the effect.

A more formal approach to identifying the signs of these effects is by calculating partial derivatives. For example, the partial derivative of S* with respect to w is 1/Pe. As P and e are both positive numbers, the partial derivative 1/Pe is also positive. This corroborates our inference that a rise in w will increase S*. 

The following table lists the signs of these effects from the appropriate partial derivatives. A + sign means that the derivative is positive, a - sign means that the derivative is negative, 0 means that the derivative is zero, and ? means that no sign can be unambiguously assigned to the derivative (and so we cannot say what the direction of the effect will be without knowing the actual values of the parameters that enter the partial derivative in question). 
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Parameter values used in “baseline” models:

g
0.15

SMAX
1

e
0.009

d
0.4

P
200

w
0.9




i
0.1

DERIVATION OF STEADY STATE EQUILIBRIUM IN OPEN-ACCESS CONDITIONS
These notes explain how the various formulae used in the Excel file are derived. All notation is that adopted in the textbook.

General notation

In steady state biological equilibrium (9), we have G(S) = H(E,S) with E and S constant at their steady state values. Assume that (9) can be solved to obtain S as a function of E:

S = ((E)
(11)

In steady state economic equilibrium (10), the condition E(t) = E* implies the zero rent condition:

PH(E,S) = C(E)

(13)

Assume that (13) can be solved to obtain S as a function of E:

S = (OA(E)
(14)

Equations (11) and (14) are a system of two equations in two unknowns S and E, which may be solved to give expressions for the equilibrium values of S and E  (S* and E*) as functions of the model parameters alone. 

Finally, to obtain an expression for H*, we substitute the previously derived expressions for E* and S* into equation (2), H = H(E, S).

The solution equations for our assumed functional forms

In the spirit of the procedure just described, we derive the solutions as follows. First, we solve the logistic growth equation:
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for the fish stock, S:
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This result is then substituted into the harvest equation (otherwise known as fishery production function):
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Multiplying both sides by the gross fish price, P gives:
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But in open access equilibrium, profit (or rent) is zero, so PH = wE and therefore
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This equation can then be solved to give E* (the star denotes the equilibrium solution value of the variable) as a function of the model parameters alone. (The Excel workbook uses this expression as a formula to generate its calculated value of E*). 
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Further, the zero rent condition in open access equilibrium, together with our assumption that H = eES, imply that PH = PeES  and so PeES = wE. The latter equality yields S as a function only of model parameters:
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Substituting S* and E* into H = eES then yields
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Each of the boxed expressions is used in the Excel worksheets.

STATIC EQUILIBRIUM WHEN THE RESOURCE IS HELD UNDER PRIVATE PROPERTY, SOLE OWNERSHIP (IN A COMPETITIVE MARKET WITH ENFORCEABLE PROPERTY RIGHTS)
General notation

In steady state biological equilibrium (9), we have G(S) = H(E,S) with E and S constant at their steady state values. Assume that (9) can be solved to obtain S as a function of E:

S = ((E)
(11)

In steady state economic equilibrium, profit maximisation entails the maximised (not zero) rent condition:

Max NB = PH(E,S) - C(E)

(15)

the first order condition for which is

(PH(E,S)/(E  = (C(E)/(E

(16)

That is, the marginal revenue of effort is equal to the marginal cost of effort.

Assume that (16) can be solved to obtain S as a function of E:

S = (PP(E)
(17)

Equations (11) and (17) are a system of two equations in two unknowns S and E, which may be solvable to give expressions for the equilibrium values of S and E  (S* and E*) as functions of the model parameters alone. 

Finally, to obtain an expression for H*, we substitute the previously derived expressions for E* and S*  into equation (2), H = H(E, S).

Derivations for our assumed functional forms

In steady state biological equilibrium, biological growth equals harvest 
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which can be solved for S to give
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(18)

Economic equilibrium: a necessary condition for profit maximisation  (max NB = PeES – wE) is that

((PeES)/(E = ((wE)/(E

(19)

Substituting (18) into (19) we have

((PeE
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from which we obtain after differentiation

PeSMAX – 2PE
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which can be solved for E* to give
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Substitution of E* into (18) gives
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and then using H = eES we obtain
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PRESENT VALUE MAXIMISING STEADY-STATE HARVESTING

A present-value optimal harvesting programme: dynamics
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and initial stock level S(0) = S0. Note that we use i (not r) here to denote the interest or discount rate.

The current-value Hamiltonian, L, for this problem is 




where p (note that this is in lower case)  is a Lagrange multiplier, interpretable as the shadow net price of a unit of the stock of the renewable resource. 

The necessary conditions for a maximum include





(Equation 9.20 in text)
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                        (Equivalent to 9.21 and 9.13 in the text)

and the resource net growth equation
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Equation 9.20 defines the relationship between the resource net price, gross price and marginal cost. We assume that B(H) = PH. (that is, the market is competitive with each firm a price-taker at the constant market (or gross) price P of a unit of the harvested fish resource. (Be careful with the notation here; P denotes the gross price, p the net price of the fish resource.) 

Therefore, equation 9.20 can be rewritten as
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which states that the net price is equal to the gross price minus the marginal cost of a unit of resource harvested.

STEADY STATE EQUILIBRIUM

In a steady state, all variables are unchanging with respect to time, so dp/dt = 0. So the three first order conditions collapse to 
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(A1)




(A2)

G(S) = H
(A3)

This constitutes a system of three equations in three unknowns S, H and P. Given functional forms for G(S) and C(H,S), we may then be able to obtain the steady state  solution for those three unknowns in terms of the model parameters.

STEADY STATE SOLUTION FOR OUR ASSUMED FUNCTIONS

We have assumed that 
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 , H = eES and C = wE. Combining the last two gives C = wH/eS. A substantial amount of algebraic manipulation is required to obtain expressions for S*, E* and H*. This algebra is shown in the Maple worksheet exploit 6.mws. (If you do not have Maple on your computer, read the html version exploit6.htm. Even if you do not know this package, it should be possible to understand what is being done. It may also give you an incentive to learn how to use a mathematical package such as Maple). From this file we obtain expressions for S*, E* and H* in terms of the parameters. Substituting the value i = 0 (that is, no discounting) and the other assumed parameter values into these expressions gives the numerical solutions (see the spreadsheet “Steady states” in the Excel workbook exploit6.xls):

S* = 0.7500

E* = 4.1667

H* = 0.0281

However, for a 10% discount rate (i =0.1) we obtain instead

S* = 0.6667

E* = 5.5555

H* = 0.0333

So discounting at higher rates leads to greater effort and a lower steady state stock. In this case, the harvest rises (although that is not always true).

ASPECTS TO NOTE FROM THE SPREADSHEET:

(1) Present value maximising outcomes when the discount rate is zero.

The simulations on the “Steady state” spreadsheet demonstrate that the present-value maximising model is identical to the static profit maximising model when the discount rate is zero. Try and explain why this is so (and so why the stock level is higher under zero discounting (than under positive discounting).

(2) Present value maximising outcomes when the discount rate is infinity.
We cannot set a value to infinity in an Excel spreadsheet. But we can approximate it closely with a very large number. You will see (in spreadsheet “Steady states (2)”) that at i =1000, the present value outcome is more or less identical to that which emerges under open access! Why should this be the case (see the text for some intuition).

(3) Present value maximising outcomes when harvest costs do NOT depend on the stock size

The general condition for present value maximisation (in steady state) is:
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(Equation 9.15 in text)


Our modelling assumptions have included the equation:

H = eES and C = wE. Therefore C= wE/eS and so costs depend on both effort and stock. However, suppose that H = eE instead. In that case, C = wE/e and are independent of stock (a rather unlikely case in general). But in such cases, when harvesting costs do not depend on the stock size, (C/(S = 0 and so (9.15) simplifies to
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(Equation 9.16 in text)


For our assumed logistic growth model, we have already established that dG/dS = g - (2gS)/SMAX. Equation 9.16 therefore becomes:

i = g - (2gS)/SMAX    and so

S* = (g - iSMAX)/(2g)

For SMAX = 1, g =0.15, and i = 0.1, this gives S = 0.1667, a much smaller stock size than found in any of our Excel simulations. What is going on here? With a 10% (continuous) discount rate, equilibrium here requires the “growth rate” of the stock to be 10%. But that can only happen in this model with a small stock size. (Note that we must be careful about the phrase “growth rate” in this context. Here we use it to mean dG/dS, which is the slope of the biological growth curve as shown in Figure 9.7 at some particular stock level. However, there are obviously other meanings that could be given to that phrase, which is why confusion might arise.). 

In the logistic growth equation, the term g defines the so-called “intrinsic” growth rate of the stock, here assumed to be g = 0.15 = 15%. That is the rate at which the fish stock would grow with respect to the stock when the stock size is very small, and so the fish face no environmental constraints on their reproduction and survival. As the stock size gets larger, these environmental constraints bite more and more strongly, births slow down and deaths increase, and so the growth rate slows down below its “intrinsic” rate of 15%. That happens here by the point at which S = 0.1667. 

The remaining sheets in the Excel workbook exploit6.xls

The worksheets Steady states (2) and Steady states (3) calculate the steady state values of S for interest rates (i) from 0 to 1, and also for i = 10, 100 and 1000. This information is transcribed to Sheet 1, on which we have charted the relationship between S* and i for discount rates up to i =1 (10%). Note that as i rises, S falls. S reaches a minimum level of 0.50 (the open access level)  when the discount rate is infinity. 

QUESTION: Calculate the “growth rate”, dG/dS, at which the fish population is growing in the open access equilibrium, the static private property equilibrium, and the present value maximising equilibrium with costs dependent on stock size and i = 0.1, for the baseline assumptions made above. At what stock size is dG/dS = 0 (the maximum sustainable yield harvest level)? Explain and comment on your findings.

QUESTION: In what circumstances would it be plausible to assume that, as a first approximation, harvest costs do NOT depend on stock size?
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