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The Hotelling Rule: Some further analysis using Excel’s Solver





1. Introduction





In this exercise, we continue to analyse the simple resource depletion model studied in hotel.xls, described there as the “cake eating model”. This model can be interpreted in two ways:





as a model of optimal resource depletion for a society in which social utility is some function of the quantity of the resource extracted;


as a model for the profit maximising extraction path of a non-renewable resource mine owner in a competitive market.





In the first case, there is an implied production function of the form Q = kR, where k is some constant number. Any resource extracted (R) generates, in some fixed proportion, output of a good (Q) that confers utility as it is consumed. 





As Chapter 8 of the textbook explains, a number of conditions must be satisfied if a private profit maximising depletion programme is to give an identical outcome to that which maximises social welfare. We assume here that those conditions are satisfied. Given that, it does not really matter which interpretation we work with. In these notes the former interpretation is used.








2. Resource demand functions and resource depletion paths





The nature of the path to complete depletion of a non-renewable resource, and indeed whether complete exhaustion of the stock ever happens, depends critically on the nature of the resource demand function.  We begin this exercise by exploring this matter.





Two classes of resource demand functions can be distinguished:





(1) Those in which there is a finite upper price (at which demand falls to zero).


(2) Those in which there is no finite upper limit to the resource price.





The former case arises either where the resource is non-essential, or where there is some backstop alternative that would be used in place of the resource in question if the resource price went above some threshold level. Two demand functions of this sort are considered in Chapter 8 of the text:





A linear demand function: 		P(R) = a - bR  (see page 187)


A non-linear demand function:	P(R) = Ke-aR	(eq. 8.8, page 192)





where P is the net price of the resource, and R is the quantity extracted and consumed per period.





An example of the case in which there is no finite upper price for the resource is the non-linear function


�EMBED Equation.3��� which, with K=1, corresponds to U(R) = ln(R), equivalent in form to the social utility function used in the numerical example on page 169 of the textbook.�





At this point, you should use Excel to generate the values of P that correspond with values of R from 0 to 100, for each of the above functions. Use parameter values a = 50 and b = 0.2 for the linear case; K = 100 and a = 0.2 for the first non-linear case (equation 8.8); and use K=1 and then K=100 for the third model. Then use the Excel chart facility to draw the various demand functions. Choose line charts, with R on the horizontal (X) axis (say from R = 0 to R = 50), and P on the Y axis.





2.1 Resource demand functions with a finite maximum resource price








We continue at the point we left off in the exercise hotel.xls with the resource demand function  P(R) = Ke-aR	, where K = 100 and a = 0.2. As explained earlier, the SWF then takes the particular form:





�EMBED Equation.3���	








We repeat the earlier exercise, but this time assume that the world will end 30 years from now, rather than 20 years. The initial guess is shown in Main (1), this time spreading out the 100 units of the initial stock equally over the 30 year period. 





Now optimise the depletion path with Solver. When you have done this, check that your answer is identical to that shown in Main (2). Then plot a chart of the resource net price over the 30 year horizon.





Something quite puzzling appears to have happened here. The solution is identical to that for the 20 year horizon! Why should this be so? The net price grows at 10% per annum (i.e. at the discount rate, ( = 0.1) until, sometime between 20 and 21 years from now,  it reaches its upper limit of 100 (given by the value of K in the resource demand function). At this point, demand goes to zero and the remaining stock becomes zero. What happens after that depends on what else is happening (and that is not being modelled here). If the reason for the maximum price is that the “choke price” has been reached, then the backstop technology completely replaces this resource sometime during the 20th year from now. 





The fact that extraction fell to zero just at the end of the 20 year model turns out to have been purely a coincidence of the particular choice of time horizon (or more precisely, that the horizon had not been any longer than the optimal period to full depletion). 





The “story” we used earlier - that the world will end 20 (or 30 years) from now - is best thought of as simply a device used to set up the problem. If, though, we really did believe that the world were to end soon, but in only 15 years, would the optimal depletion path change? Try modelling this with Excel to investigate this question. 








2.2 A linear resource demand function.





Exercise: Replicate the 30 year horizon problem, but this time with the linear demand function P(R) = a - bR  with a = 50 and b = 1. Note that in this case that the corresponding social welfare function will be 





�EMBED Equation.3���





Describe and explain your results.


To check your results, look at the sheets Linear and Linear (2).





2.3. A resource demand with no finite upper limit on price





The demand function we use in this simulation is �EMBED Equation.3��� , for which the corresponding social utility function is U(R) = ln(R). We here set the initial resource stock level at 200, rather than 100. Worksheet Log (1) contains our initial guess of depletion path for this model. You should now use Solver to obtain the optimal depletion path. Check that your solution matches that shown in Log (2).





The stock is entirely depleted by the end of the 30 years horizon, which is not surprising given that any utility obtained after that time from resource left unused counts for nothing in the social welfare function we are maximising. 





How would the optimal depletion path change if the horizon were lengthened? Check this yourself  by extending the time periods in the spreadsheet. What would an optimal depletion path for an infinite horizon look like?





The time paths of optimal resource depletion for a 30 year and 40 year horizon, and for an infinite horizon (shown over its first 50 years) are shown in Chart 1. 











Next step: we do some comparative statics in the file hmodel.doc (and hmodel.xls). 











� Note that there is a technical difficulty with this demand function in that it is not defined at R = 0 (as the natural logarithm of 0 does not exist). Another form


�EMBED Equation.3��� with a >0, does not have this difficulty. In that case, if K = 1 we have U(R) = ln(a+R). 
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