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1. INTRODUCTION

1891: Lyapunov’s second method, stability of ODEs.

1891 -: Many uses of Lyapunov’s second method in the study of
ODEs.

1960s: LaSalle’s theorems, limit sets of ODEs, invariance principle.

1940s: Itô’s stochastic calculus.

1960 -: Stochastic Lyapunov’s second method, stability of SDEs,
Arnold, Baxendale, Crauel, Elworthy, Friedman, Has’min-
skii, Kliemann, Kloeden, Kushner, Ladde, Lakshmikantham,
Mao, Oeljeklaus, Pinsky, et al.

1970 -: Stochastic Lyapunov’s second method, stability of SFDEs,
Kolmanovskii, Mao, Mohammed, Myshkis, Scheutzow, Ta-
niguchi, et al.

1969: Has’minskii’s test for non-explosion of solutions.

1970 -: Recurrent and transient solutios,
Has’minskii, Friedman, Pinsky, et al.

1970 -: Recurrent and transient solutios,
Has’minskii, Friedman, Pinsky, et al.

1990 -: Energy bounds,
Mao, Markus, et al.

1999: Stochastic LaSalle theorems for SDEs, limit sets of SDEs.
Mao, J. Diff. Eq. 153 (1999), 175–195.

Today: Lyapunov’s method for SDEs.
• stochastic LaSalle-type theorems
• exponential stability and stochastic stabilization
• energy bounds
• Has’minskii’s test
• recurrent and transient solutios
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2. SDE and NOTATION

Equation:

{
dx(t) = f(x(t), t)dt + g(x(t), t)dB(t),
x(0) = x0 ∈ Rn.

(1)

Standing Hypothesis:

Both f and g satisfy the local Lipschitz condition and the linear
growth condition. The solution is denoted by x(t;x0).

Notation:

(Ω,F , {Ft}t≥0, P ): complete probability space.
B(t): an m-dimensional Brownian motion.

C2,1(Rn ×R+;R+): nonnegative functions V (x, t) on Rn×R+ which
are twice continuously differentiable in x and
once in t.

LV : operator from Rn ×R+ to R defined by

LV (x, t) = Vt(x, t) + Vx(x, t)f(x, t)

+
1
2
trace

[
gT (x, t)Vxx(x, t)g(x, t)

]
.

K: continuous (strictly) increasing functions µ from
R+ to R+ with µ(0) = 0.

K∞ : functions µ in K with µ(r) →∞ as r →∞.
L1(R+;R+): functions γ : R+ → R+ such that

∫∞
0

γ(t)dt <
∞.

C(F ;G): continuous functions from F to G.
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3. ASYMPTOTIC STABILITY

The classical result on the globally stochastically asymptotic sta-
bility (cf. Arnold, Has’minskii, or Kushner).

Theorem 1 Assume that there are functions V ∈ C2,1(Rn×R+;R+),
µ1, µ2 ∈ K∞ and µ3 ∈ K such that

µ1(|x|) ≤ V (x, t) ≤ µ2(|x|)

and
LV (x, t) ≤ −µ3(|x|)

for all (x, t) ∈ Rn ×R+. Then, for every x0 ∈ Rn,

lim
t→∞

|x(t;x0)| = 0 a.s.

V > 0 and LV > 0 =⇒ x(t;x0) → 0.

V 6> 0 and LV 6> 0 =⇒?
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Stochastic LaSalle-Type Theorems:

Theorem 2 (Mao, 1999) Assume that there are functions V ∈
C2,1(Rn ×R+;R+), γ ∈ L1(R+;R+) and η ∈ C(R+;R+) such that

LV (x, t) ≤ γ(t)− η(V (x, t)), (x, t) ∈ Rn ×R+. (2.1)

Then, for every x0 ∈ Rn,

lim
t→∞

V (x(t;x0), t) ∈ Dη a.s.

where Dη = {u ≥ 0 : η(u) = 0} 6= ∅.

Remarks:
• If η ∈ K (so Dη = {0}) and V is positive definite, Theorem

2 shows that limt→∞ |x(t;x0)| = 0 a.s. In other words, this is
clearly a generalization of classical Theorem 1.

• If Dη is bounded and

lim inf
|x|→∞, t→∞

V (x, t) > max
u∈Dη

u,

then Theorem 2 shows that there is a constant K > 0 such that
every x0 ∈ Rn,

lim
t→∞

|x(t;x0)| ≤ K a.s.

In other words, almost every sample path of the solution is asymp-
totically bounded by K.
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Condition
LV (x, t) ≤ γ(t)− η(V (x, t))

is sometimes difficult to be satisfied, while

LV (x, t) ≤ γ(t)− w(x)

is much better. But, do we need any addition condition?

Theorem 3 (Mao, 1999) Assume that there are functions V ∈
C2,1(Rn ×R+;R+), γ ∈ L1(R+;R+) and w ∈ C(Rn;R+) such that

lim
|x|→∞

(
inf

0≤t<∞
V (x, t)

)
= ∞ (3.1)

and
LV (x, t) ≤ γ(t)− w(x), (x, t) ∈ Rn ×R+. (3.2)

Assume moreover that g is bounded. Then, for every x0 ∈ Rn,

lim
t→∞

d(x(t;x0), Dw) = 0 a.s.

where Dw = {x ∈ Rn : w(x) = 0} and d(x, Dw) denotes the distance
between x and set Dw, that is d(x,Dw) = miny∈Dw |x− y|.

Remarks:
• This theorem shows that all the solutions of the equation will

asymptotically approach Dw with probability one.
• Condition (3.1) is known as radially unbounded in the literature

(cf. Arnold) and is often imposed in the study of globally asymp-
totic stability.

• Condition (3.2) is much easier to be satisfied than (2.1) but the
boundedness of g is additionally imposed.

• This boundedness can be replaced by other more general condi-
tions e.g. the boundedness of the pth moment (p > 2) of the
solutions.
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4. EXPONENTIAL STABILITY

The results above discuss the convergence of the solutions but not
the rate of convergence which is very important in practice. One of the
research topics addressing the rate of convergence is the exponential
stability. The classical results can be found in the books by Arnold,
Has’minskii and Kushner while many new developments can be found
in in the papers or books by Arnold et al., Baxendale, Friedman &
Pinsky, Mao, and Mohammed & Scheutzow, among the others. One
of the useful results is the following:

Theorem 4 Assume that there is a function V ∈ C2,1(Rd×R+;R+)
and constants p > 0, c1 > 0, c2 ∈ R, c3 ≥ 0, such that

c1|x|p ≤ V (x, t), LV (x, t) ≤ c2V (x, t) (4.1)

and
|Vx(x, t)g(x, t)|2 ≥ c3V

2(x, t). (4.2)

Then
lim sup

t→∞

1
t

log |x(t;x0)| ≤ −c3 − 2c2

2p
a.s.

for all x0 ∈ Rn. In particular, if c3 > 2c2, the solution will tend to
zero exponentially with probability one.

Condition (4.2) of this theorem emphasises the stabilization effect
of noise. Based on this theorem one can design to stabilize a given
system by noise.
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5. STOCHASTIC STABILIZATION

Consider a given system described by the ordinary differential equation

ẋ(t) = f(x(t), t). (2)

Assuming f has the property

|f(x, t)| ≤ β|x| (β > 0)

we stochastically perturb the system in the way to obtain the per-
turbed equation

dx(t) = f(x(t), t)dt +
m∑

k=1

σkx(t)dBk(t), (3)

where σk’s represent the intensity of the stochastic perturbation. By
Theorem 4, it is not difficult to show that the solution of this perturbed
equation has the property

lim sup
t→∞

1
t

log |x(t)| ≤ −1
2

m∑
k=1

σ2
k + β a.s.

Hence equation (2) is stabilized if the noise is strong enough in the
sense that

∑m
k=1 σ2

k > 2β.

More about stochastic stabilization can be found in e.g. Arnold
et al (1983, 1990), Mao (1994) and Scheutzow (1993), and results on
stochastic self-stabilization can be found in e.g. Mao (1996).
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6. ENERGY BOUNDS

The method of Lyapunov functions have been utilized to investi-
gate various other properties. Consider

ẍ + b(x, ẋ, t) +∇G(x) = σ(x, ẋ, t)Ḃ(t) + ε(t) (4)

motivated by the classical theory of nonlinear oscillations, where
−∇G is a restoring force,
−b(x, ẋ) is a dissipative force,
ε(t) is an external driving force,
σ represents the intensity of a stochastic disturbance.

The corresponding Itô equation is
dx(t) =y(t)dt,

dx(t) =[−b(x(t), y(t), t)−∇G(x(t)) + ε(t)]dt

+ σ(x(t), y(t), t)dB(t).
(5)

Define the energy of the system property

U(t) =
1
2
|y(t)|2 + G(x(t)).

Theorem 5 Suppose there exist polynomials pi(t) (t ≥ 0), 1 ≤ i ≤ 4,
of degrees qi with the leading coefficients ci > 0 and the other coeffi-
cients nonnegative, such that

G(x) ≥ 0, |σ(x, y, t)|2 ≤ p1(t), |ε(t)| ≤ p2(t)

and

yT b(x, y, t) ≥ −
[
p3(t) + p4(t)

(
1
2
|y|2 + G(x)

)]
.

then the energy of equation (4) has the following asymptotic bound

lim sup
t→∞

U(t)
exp[p2(t) + p4(t)]td log log t

≤
{

c1e if q1 ≥ q2 ∨ q3,
0 otherwise,

where d = q1 ∨ q2 ∨ q3.

For the detailed account please see Mao and Markus (1991).
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7. NON-EXPLOSION

Theorem 6 (Has’minskii’s Test) Assume that f and g satisfy the
local Lipschitz condition. Assume also that there are functions V ∈
C2,1(Rn ×R+;R+), µ ∈ K∞ and a constant K > 0 such that

LV (x, t) ≤ K(1 + V (x, t)) and µ(|x|) ≤ V (x, t),

then there is a unique global solution to equation (1) for any given
initial value x(0) = x0 ∈ Rn.

The following result covers some cases where Has’minskii’s test
can not be applied.

Theorem 7 Let

1 ≤ d < n, x(1) = (x1, · · · , xd), x(2) = (xd+1, · · · , xn).

Assume that f and g satisfy the local Lipschitz condition. Assume also
that there is V ∈ C2,1(Rn×R+;R+), and positive constants p, q, ε, K
with p > ε such that

LV (x, t) ≤ K(1 + V (x, t) + |x(1)|(p−ε)/q) and |x(2)|p ≤ V (x, t)

for (x, t) ∈ Rn × R+. Moreover, for any given initial value x0 ∈ Rn,
there is a continuous adapted process H(t) = H(t;x0) such that

|x(1)(t;x0)| ≤ H(t)
(

1 + sup
0≤s≤t

|x(2)(s;x0)|q
)

, t ≥ 0.

Then there is a unique global solution to equation (1) for any given
initial value x(0) = x0.
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8. RECURRENT and TRANSIENT SOLUTIONS

The method of Lyapunov functions is also used in the study of
recurrent and transient solutions. The following result is classical.

Theorem 8 (Has’minskii, 1969) Let G be an open subset of Rn.
Assume that there are functions V ∈ C2,1(G × R+;R+) and α ∈
C(R+;R+) such that

LV (x, t) ≤ −α(t).

If
∫∞
0

α(t)dt = ∞, then for any x0 ∈ G,

P{τG < ∞} = 1,

where τG = inf{t ≥ 0 : x(t;x0) /∈ G}.

Many more useful results in this direction can be found in Fried-
man (1976).
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