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1 Introduction

Jump linear system

z(t) = A(r(t))z(t). (1.1)
Here (t) is in general referred to as the state and r(¢) is regarded as
the mode which is a Markov chain taking valuesin S = {1,2,--- , N}.
In its operation, the hybrid system will switch from one mode to

another according to the law of the Markov chain.

Ref: Costa et al. [6], Ji et al. [10, 11] and Mariton [26]

Hybrid SDEs

dx(t) = f(x(t),r(t), t)dt + g(x(t),r(t), t)dB(t). (1.2)

Ref: Basak et al. (3], Ghosh et al.[7, 8], Mao [24], Shaikhet [29], Mao
et al. [25].



Stochastic stabilization and destabilization
The underlying system is described by a hybrid ordinary differential
equation

z(t) = f(x(t), t,r(t)). (1.3)
Partial observations
It happens often that the system is observable only when it operates
in some modes but not all. Accordingly, in these modes one can design
a feedback controller based on the observations in order to stabilize

or destabilize the given system (1.3).

Question:
Can we stabilize or destabilize the given hybrid system (1.3) if we can

only partially control the system?



2 Preliminaries

Let w(t), t > 0, be an m~dimensional Brownian motion.
Let r(t), t > 0, be a right-continuous Markov chain taking values in
a finite state space S = {1,2,--- , N} with generator I' = (vi;)nxn

given by

14+ 7iA+o(A) ifi=j,

P{r(t+ A) =jlr(t) =i} =

where A > 0. Here «;; > 0 is the transition rate from 4 to j if ¢ # j

while

Vi = — Z Vij-
JF
Assume that w(t) and r(t) are independent and that the Markov

chain is erreducible. The algebraic interpretation of irreducibility is
rank(I") = N —1. Under this condition, the Markov chain has a unique
stationary (probability) distribution 7 = (mwy,mo, -+ ,my) € RV

which can be determined by solving the following linear equation
ml'=0

subject to

N
Zﬂ'j:1 and m; >0 VjeS.

j=1



Nonlinear Hibrid SDEs

dx(t) = f(x(t),t,r(t))dt + g(x(t), t,r(t))dw(t) (2.1)

on t > 0 with the initial value z(0) = xq € R", where

fR"xR, xS —R" and ¢g:R" xR, xS — R"™™",



3 Stability

Assumption 3.1 For each v € S, there are constant triples «;,
pi, and o; such that
J?Tf(l',t,?:) < ai‘xP;
lg(@,t,2)] < pil], (3.1)
" g(x,t,9)| > oyl x|
for all (z,t) € R" x R,.
Theorem 3.2 (Mao [24]) Let Assumption 3.1 hold and assume
that for some u € S,
Then equation (2.1) is almost surely exponential stable if

—(o1 +0.50] — o) —712 —YIN

— (g + 0.5p2 — 02 — R
( 2 P2 2) Y22 V2N - 0. (3.3)

—(ay +0.5p% —0%) —VN2 cc 0 —INN




Theorem 3.3 Under Assumption 3.1, the solution of equation

(2.1) satisfies

lim sup = log(|z(t; zo)]
t—o0

||M2

i(aj + 0. 5,0] — 02) a.s. (3.4)

for all xy € R™. In particular, the nonlinear hybrid SDE (2.1) is
almost surely exponentially stable, if
> 7oy + 0507 — 07) < 0. (3.5)
j=1
Remark 3.4 Comparing the two theorems above, we first observe
that Theorem 3.3 does not require condition (3.2). We have also
shown that the seemingly different conditions (3.5) and (3.3) are
in fact equivalent under the additional condition (3.2). In other
words, Theorem 3.3 is an improvement of the known result The-

orem 3.2.



4 Instability

Assumption 4.1 For each v € S, there are constant triples «;,

pi, and o; such that

J?Tf(l',t,?:) Z ai‘xP;

lg(@,t,2)| = pilx], (4.1)

" g(z,t,9)| < oyl x]?
for all (z,t) € R" x R,.

Theorem 4.2 Under Assumption 4.1, the solution of equation
(2.1) satisfies

1

hm mf log |z (t) (o + 0. 5p‘7 — 02) a.s. (4.2)

||M2

as long as the initial value xoy # 0. In particular, the nonlinear

hybrid SDE (2.1) is almost surely exponentially unstable if

mi(a; +0.507 — 07) > 0.

||M2



5 An Example

Example 5.1 Consider a real-valued process given by (2.1) with the

following specifications. Let 7(t) be a 2-state Markov chain with a

—A A

generator () = . and
B =

f(z,t,1) = x(1+sin’2), f(x,t,2) = xcosx, gla,t,1) =z, g(x,t,2) = 2.

Then the stationary distribution of the Markov chain is (my, mo) =
(/N4 ), A/(A + p)). Assumption 3.1 is satisfied with ay = 2,
as=1,p=1 p=2 01=1, and oy = 2. Thus

3my 3 —2A

2
(ot 0500 —o?) = 2T g, 2 S22
;W(Oé—l- p; — o) 5 T 20

By Theorem 3.3, the system is almost surely exponentially stable if
3 < 2X. On the other hand, we also note that Assumption 4.1 is
satisfied with iy =1, ap =0, p1 =1, po = 2, 01 = 1, and 09 = 2.
Thus

T [ — 4\

2
(e + 0502 — 02 = L oy = K20
;W(Oé—l— p; — o) 5 o 20 )

By Theorem 4.2, the system is almost surely exponentially unstable

if >4



6 Necessary and Sufficient Conditions for Linear Hy-

brid SDEs

de(t) = A(r()z()dt + 3 Bi(r(t)a(t)dw(t)  (6.1)
k=1

for ¢ > 0, where A(-) and Bg(-)’s are all mappings from S to R™*".
Write the solution as x(t; zg) = x(t). Recall that whenever the initial
value zy # 0, the solution x(t) will never reach zero with probability

one. Introduce a new process

It is thus clear that (s(t),r(t)) is a Markov process in the phase space
S, x S, where §,, = {x € R" : |x| = 1}. Let us now impose another

assumption.

10



Assumption 6.1 The Markov process (s(t),r(t)) is ergodic and

its unique stationary distribution on S, X S is denoted by P(ds, j).

Theorem 6.2 Let Assumption 6.1 hold and set

A= Z_; / n 5" AG)s + 5 ; (1B(5)s]? = 21" Bu(j)sP?) | P(ds. ).

Then the linear hybrid SDE (6.1) is almost surely exponentially
stable (resp., unstable) if and only if A <0 (resp., A > 0).

11



7 Stochastic Stabilization

The given system is the hybrid ODE

x(t) = f(x(t), t,r(t)). (7.1)

Dcompose S into two subsets S7 and Sy, namely S = S; U Sy, where
for each mode 7 € S; the ODE is not observable and hence cannot be
stabilized by feedback control, but it can be stabilized for each ¢ € .S5.
The question is: Can we stabilize the hybrid ODE (7.1) if we can only
control the partial system?

More precisely, let us consider the controlled stochastic system

do(t) = f(x(t),t,7(t))dt + u(t, r(t))dw(t), (7.2)

where u(t,i) = 0 for ¢ € Sy while u(t,7) = u(x(t),7) is a feedback
control for ¢ € S;. Our aim is to design the control u(x(t),) for
i € Sy only so that the controlled system (7.2) is stabilized.

To make it simple, we consider the linear feedback control of the form
u(x,i) = (Byx, Byx, -+, Bpix). (7.3)
Thus the controlled system (7.2) becomes

dz(t) = fla(t dt+ZB,W Odwi(t), (7.4

where By ; = 0 whenever ¢ € S; while the other By ;’s are all n x n

12



matrices to be designed in order to make the controlled system (7.4)
become stable.
Clearly not any given hybrid ODE (7.1) can be stabilized by stochastic

control and we need to impose some conditions on it.

Assumption 7.1 There is a positive constant K such that
flz,t,i)| < K|z| V(z,t,9) e R" x Ry x .

Theorem 7.2 Let Assumption 7.1 hold. Assume that for each
i € Sy, the matrices By ; in the controller have the property that
Z |Brix]* < ailz]*  and Z 2" Byx|* > bi|z|*, Vo eR"

k=1 k=1
(7.5)
where a; and b; are some nonnegative constants. Then the solu-

tion of the controlled system (7.4) has the property that

1
lim sup p log |x(t; xo)| < K + ZW¢(0-5CL¢ —b;) a.s. (7.6)

t=o0 1€59

for any xg € R"™. In particular, z'fK—i—Z:ieS2 m;i(0.5a;—b;) < 0 then

the controlled system (7.4) is almost surely exponentially stable.

13



Theorem 7.2 ensures that there are many choices for the matrices By, ;

in order to stabilize the given hybrid system (7.1).
Example 7.3 Let
B/{:,i:ek’,i17 1§k§m7 7;65127

where [ is the n x n identity matrix and 6y, ; are constants. Then the

controlled system (7.4) becomes

dz(t) = f(x(t), dt+29,” () dwi(t),  (7.7)

where we set 0y, = 0 for 2 € S; and 1 < k < m. Note in this case

that for each 7 € Sy,

m

So1Bral = (D068 )l and 3 |e" Bl = (D62 ) lel
k=1 k=1 k=1

k=1

By Theorem 7.2 we can conclude that the solution of the controlled

system (7.7) satisfies

lim sup - log\x(t zo)| < K —0. 5?7@(?9,“) a.s.

t=o0 1€59 k=1

Recalling that the stationary probabilities m; > 0 for all 7 € S, given
any K > 0, one can always choose the constants 0y, (i € Sy) suffi-

ciently large for

0527&(29“) > K

1€59

in order to make the controlled system (7.7) become stable.

14



Example 7.4 For each pair of 1 € S5 and 1 < k£ < m, choose a

symmetric positive definite matrix Dy, ; such that
T 3 2
7 Dy > | Dyl
Obviously, there are many such matrices. Let 6 be a constant and
By; = 0Dy;. Then the controlled system (7.4) becomes

du(t) = f(a(t), t,r(t))dt+ Y 0Dy ,qw(t)dwy(t), (7.8)

k=1
where we set Dy ; = 0 for ¢ € S; and 1 < k < m. Note that for each

iGSQ,

> 1Brial? < (3 1Dkl o
k=1 k=1

and

S W Bl = 2 (37 Dyl

k=1 | 16 k=1 |
for all x € R". By Theorem 7.2, the solution of the controlled system
(7.8) has the property that

lim sup — ; log \x(t; x0)| < K — —Zm(Z HD;”H2> a.s.

t=00 1€859

If we choose 6 sufficiently large such that
16 K
S ies, i 7 1Dki12)

then the controlled system (7.8) is almost surely asymptotically stable.

6% >

15



Theorem 7.5 Given any nonlinear hybrid system (7.1) satisfy-
ing Assumption 7.1, one can always design a linear controller

u(z,1) of the form (7.3) for the partial modes i € Sy so that the

controlled system (7.4) becomes stable.

16



8 Stochastic Destabilization

Given a nonlinear stable hybrid system (7.1), can we design a linear
controller u(x, 7) of the form (7.3) for those modes i € S, only so that

the controlled system (7.4) become unstable?

Theorem 8.1 Let Assumption 7.1 hold. Assume that for each
i € S9, the matrices By; in the controller (7.3) satisfy
Z |Brix|* > ailz]*  and Z 2" By.z|* < bilz|*, Vo eR"
k=1 k=1
(8.1)

where a; and b; are some nonnegative constants. Then the solu-

tion of the controlled system (7.4) satisfies

1
limsupglog |z (t; z0)| > —K + ZW¢(0-5CL¢ —b;) as. (82

t=o0 1€59

for any xy # 0. In particular, if Y ;cq, mi(0.5a; —b;) > K then the

controlled system (7.4) is almost surely exponentially unstable.

17



The question now becomes: Can we find matrices By ; so that
> ics, Ti(0.5a; — b;) > K7

Case 1: The dimension of the state space n is an even
number

For each 7 € S, let 6; be a constant and define

0 0,
—0; 0

0 6
—0; 0

but set By; = 0 for 2 < k < m. The controlled system (7.4) becomes

2(t)
—x1(t)
dx(t) = f(x(t),t,r(t))dt + 0,4 : dw(t), (8.3)

Zn(t)
—,_1(t)

where we set 8; = 0 for ¢+ € S7. Note that for each 7 € 5o,

m
> |Brixl? = [Bial* = 67]al’
k=1

and

m
Z 2! By x| = |o! Byx? = 0.
k=1

18



Hence, by Theorem 8.1, the solution of the controlled system (8.3) has

the property that

1
limsupglog |z (t;x0)] > —K + 20.5%9@2 a.s. (8.4)

f=oe i€Sy

for any z¢ # 0. Clearly we can choose 60; (i € Ss) sufficiently large
for 3 icq, 0-5m67 > K so that the controlled system (8.3) becomes
unstable.

Case 2: The dimension of the state space n is an odd
number and n > 3

Let the dimension of the Brownian motion m > 2. For each ¢ € S5,

let 6; be a constant. Define

0 6
—0; 0

0 0
—0; 0

19



0 0,
—0; 0

0 o

—0; 0

but set By; = 0 for 2 < k < m. So the controlled system (7.4)

becomes

dx(t)

flz(t),t,r(t))dt + O,

+ 0r<t>

20

ZE’Q(t)
—x1(¢)

dw1 (t)

d’wg (t), (85)



where we set 8; = 0 for ¢ € S;. Note that for each 7 € Sy,

m
> |Brix|’= |Brial* + | Byl
k=1
=022+ 22 ) F O3+ 2R) > 0P
and

m
Z 2" Byx|* = |of Byz|* + |27 Byz|* = 0.
k=1

Hence, by Theorem 8.1, the solution of the controlled system (8.5) has

the property that

hmsup%log \z(t; x)| > —K + 20.57@9? a.s. (8.6)
f00 i€y

for any xy # 0. Clearly we can choose 6; (i € S9) sufficiently large

for 3 .cq, 0-5m67 > K so that the controlled system (8.5) becomes

unstable. Summarizing these results, we state a general theorem in

what follows.

Theorem 8.2 Given any n-dimensional nonlinear hybrid system
(7.1), one can always design a linear controller u(x, i) of the form
(7.3) for the partial modes i € Sy so that the controlled system
(7.4) become unstable provided Assumption 7.1 is satisfied and

the dimension n > 2.

21
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