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1 Introduction

SDDE:

dy(t) = f (y(t), y(t− τ ))dt + g(y(t), y(t− τ ))dw(t), (1.1)

with initial data ξ ∈ L2
F0

([−τ, 0]; Rn), where

f : Rn × Rn → Rn,

g : Rn × Rn → Rn×m.

Aim: To find out whether or not it is exponentially stable in mean

square.

Problems: Given that we fail to find an appropriate Lyapunov func-

tion to show the exponential stability, we can carry out careful nu-

merical simulations, say by the Euler-Maruyama (EM) method:

For a stepsize ∆ = τ/N (N is an integer), set

x(k∆) = ξ(k∆), −N ≤ k ≤ 0

and compute the discrete approximations

x((k + 1)∆) = x(k∆) + f (x(k∆), x((k −N)∆))∆

+ g(x(k∆), x((k −N)∆))∆wk (1.2)

for k ≥ 1, where ∆wk = w((k + 1)∆)− w(k∆). The question is:
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(Q1) If for a sufficiently small stepsize ∆ the EM method is ex-

ponentially stable in mean square, can we confidently infer

that the SDDE is exponentially stable in mean square?

The answer to (Q1) is not so obvious since most of existing results are

on the finite-time convergence for numerical methods while the expo-

nential stablity is clearly an asymptotic property. If we can establish a

positive result, it will certainly have important practical implications.

The converse question is:

(Q2) Suppose that we are now given an SDDE which is expo-

nentially stable in mean square. For what choices of stepsize

does the EM numerical method reproduce the mean-square ex-

ponential stability of the underlying SDDE?

So far there is almost no answer to both (Q1) and (Q2), although when

the underlying equation is a stochastic differential equation (SDE),

there are several papers devoted to these problems e.g. [1, 2, 6, 11, 12].

Our aim is to give very positive answers to both (Q1) and (Q2).
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2 Notation and Definitions

| · |: the Euclidean norm in Rn.

〈x, y〉 : the inner product of vectors x, y ∈ Rn.

AT : the transpose of A.

|A| =
√

trace(ATA): the trace norm of A.

In[x]: the integer of a real number of x.

R+ = [0,∞).

τ > 0.

C([−τ, 0]; Rn): the family of continuous functions ϕ from [−τ, 0] to

Rn.

w(t) = (w1(t), · · · , wm(t))T : an m-dimensional Brownian motion.

L2
Ft

([−τ, 0]; Rn): the family of Ft-measurable, C([−τ, 0]; Rn)-valued

random variables ξ = {ξ(u) : −τ ≤ u ≤ 0} such that

‖ξ‖2
E := sup

−τ≤u≤0
E|ξ(u)|2 < ∞.

xt = {x(t + u) : −τ ≤ u ≤ 0}: a C([−τ, 0]; Rn)-valued stochastic

process.

(H1) Assume that both f and g are globally Lipschitz continuous,

that is

|f (x, y)− f (x̄, ȳ)|2 ≤ K1(|x− x̄|2 + |y − ȳ|2)
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and

|g(x, y)− g(x̄, ȳ)|2 ≤ K2(|x− x̄|2 + |y − ȳ|2)

for all x, y, x̄, ȳ ∈ Rn, where K1 and K2 are constants. As-

sume also, for the purpose of stability study in this paper, that

f (0, 0) = 0 and g(0, 0) = 0.

It is well-known that under (H1), for any initial data y0 = ξ ∈

L2
F0

([−τ, 0]; Rn) given at time t = 0, the SDDE (1.1) has a unique

continuous solution on t ≥ −τ , see, for example, [9, 10]. We shall

denote this solution by y(t; 0, ξ).

Definition 2.1 The SDDE (1.1) is said to be exponentially stable

in mean square if there is a pair of positive constants λ and M

such that for any initial data ξ ∈ L2
F0

([−τ, 0]; Rn)

E|y(t; 0, ξ)|2 ≤ M‖ξ‖2
E e−λt, ∀t ≥ 0. (2.1)

We refer to λ as the rate constant and M as the growth constant.

In this paper we often need to introduce the solution to the SDDE

(1.1) for initial data ys = ξ ∈ L2
Fs

([−τ, 0]; Rn) given at time t =

s. Hypotheses (H1) guarantee the existence and uniqueness of this

solution which is denoted by y(t; s, ξ) on t ≥ s − τ . It is easy to

observe that the solutions to the SDDE (1.1) have the following flow
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property

y(t; 0, ξ) = y(t; s, ys) ∀0 ≤ s < t < ∞.

Moreover, due to the autonomous property of the SDDE (1.1) (i.e.

both f and g are independent of t), the exponential stability (2.1)

implies

E|y(t; s, ξ)|2 ≤ M‖ξ‖2
E e−λ(t−s), ∀t ≥ s. (2.2)

The Euler-Maruyama (EM) numerical method:

Let the stepsize ∆ = τ/N be given for some positive integer N . With

initial data ξ ∈ L2
F0

([−τ, 0]; Rn), set

x(k∆) = ξ(k∆), −N ≤ k ≤ 0

and compute the discrete approximations by (1.2). To highlight the

initial data ξ given at time t = 0 we write this discrete EM solution

as x(k∆; 0, ξ).

Definition 2.2 Given a stepsize ∆ = τ/N for some positive inte-

ger N , the discrete EM method is said to be exponentially stable in

mean square on the SDDE (1.1) if there is a pair of positive con-

stants γ and H̄ such that for any initial data ξ ∈ L2
F0

([−τ, 0]; Rn)

E|x(k∆; 0, ξ)|2 ≤ H̄‖ξ‖2
E e−γk∆, ∀k ≥ 0. (2.3)
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In our analysis we find it convenient to work with continuous-time

approximations and hence we define

x(t) = x(0) +

∫ t

0

f (z(r), z(r − τ ))dr

+

∫ t

0

g(z(r), z(r − τ ))dw(r), (2.4)

where

z(t) =

∞∑
k=−N

x(k∆)1[k∆,(k+1)∆)(t)

with 1G denoting the indicator function for the set G. Again we will

write this continuous EM solution as x(t; 0, ξ) to highlight the initial

data ξ given at time t = 0 while the corresponding z(t) is written as

z(t; 0, ξ).

Definition 2.3 Given a stepsize ∆ = τ/N for some positive

integer N , the continuous EM method is said to be exponen-

tially stable in mean square on the SDDE (1.1) if there is a

pair of positive constants γ and H such that for any initial data

ξ ∈ L2
F0

([−τ, 0]; Rn)

E|x(t; 0, ξ)|2 ≤ H‖ξ‖2
E e−γt, ∀t ≥ 0. (2.5)

The following proposition shows that the exponentially stability in

mean square of the discrete EM method is equivalent to that of the

continuous EM method.
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Proposition 2.1 Under (H1) the discrete EM method on the

SDDE (1.1) is exponentially stable in mean square with rate con-

stant γ and growth constant H̄ if and only if the continuous EM

method is exponentially stable in mean square with the same rate

constant γ but maybe a different growth constant H. Moreover,

their growth constants H̄ and H can be made arbitrarily close by

taking ∆ sufficiently small.

In what follows we shall often need to use the continuous EM solu-

tion x(t; s, ξ) to the SDDE (1.1) for initial data ξ ∈ L2
Fs

([−τ, 0]; Rn)

given at time s ≥ 0. This x(t; s, ξ) can be defined in the same way

as x(t; 0, ξ). That is, compute the discrete approximations x(s +

k∆; s, ξ), form the step process z(t; s, ξ) = z(t) and then define

x(t; s, ξ) = ξ(0) +

∫ t

s

f (z(r), z(r − τ ))dr

+

∫ t

s

g(z(r), z(r − τ ))dw(r). (2.6)

As the exact solution y(t; 0, ξ), the EM solutions have the following

flow property too:

x(t; 0, ξ) = x(t; s, xs) ∀0 ≤ s < t < ∞

provided s is the multiple of ∆.

8



3 EM Method Shares Stability with SDDEs

In this section by the EM method we mean the continuous EM method.

The EM approximate solution x(t; 0, ξ) depends clearly on the step-

size ∆ so we should have written it as x∆(t; 0, ξ), as we will do so

in Section 4 below, but for the sake of simplicity we shall still use

notation x(t; 0, ξ) in this section.

Theorem 3.1 Let (H1) hold. Assume that the SDDE (1.1) is

exponentially stable in mean square, namely

E|y(t; 0, ξ)|2 ≤ M‖ξ‖2
E e−λt, ∀t ≥ 0

for all ξ ∈ L2
F0

([−τ, 0]; Rn). Then there exists a ∆∗ > 0 such that

for every ∆ < ∆∗, the EM method is exponentially stable in mean

square on the SDDE with rate constant γ and growth constant H,

both of which are independent of ∆. More precisely,

E|x(t; 0, ξ)|2 ≤ H‖ξ‖2
E e−γt, ∀t ≥ 0

with γ = 1
2λ and H = 2MC1e

1
2λT , where

C1 = 3[1 + τ (τK1 + K2)]e
3τ(τK1+K2),

T = τ (9 + In[4 log(M)/λτ ]).

Remark: Let us emphasise that the rate constant γ and the growth

constant H obtained in this Theorem are independent of ∆.
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Lemma 3.1 Under (H1),

sup
−τ≤t≤τ

E|x(t; 0, ξ)|2 ≤ C1‖ξ‖2
E, (3.1)

where C1 was defined in Theorem 3.1.

Lemma 3.2 Under (H1),

sup
0≤t≤τ+T

E|x(t; 0, ξ)|2 ≤ C2‖ξ‖2
E for ∀T > 0,

where C2 = C2(T ) = 3C1e
6T (TK1+K2) and C1 was defined in Theo-

rem 3.1.

Lemma 3.3 Under (H1), for any T > 0,

E|x(t; 0, ξ)− z(t; 0, ξ)|2 ≤ C3‖ξ‖2
E ∆ for ∀t ∈ [0, τ + T ],

where C3 = C3(T ) = 4(τK1 + K2)C2(T ) and C2(T ) was defined in

Lemma 3.2.

Lemma 3.4 Write x(t; 0, ξ) = x(t) and recall the definition xτ =

{x(u) : 0 ≤ u ≤ τ}. Define y(t) = y(t; τ, xτ ) which is the solution

to the SDDE (1.1) with initial data xτ given at t = τ . Then

sup
τ≤t≤τ+T

E|x(t)− y(t)|2 ≤ C‖ξ‖2
E ∆ for ∀T > 0, (3.2)

where

C = C(T ) = 2(TK1 + K2)(4T + τ )C3(T )e8T (TK1+K2)

and C3(T ) is the same as defined in Lemma 3.3.
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Proof of Theorem 3.1. Fix any initial data ξ, write x(t; 0, ξ) = x(t)

and define y(t) = y(t; τ, xτ ). The exponential stability in mean square

of the SDDE (1.1) shows

E|y(t)|2 ≤ M‖xτ‖2
E e−λ(t−τ) for ∀t ≥ τ. (3.3)

It is straightforward to see from the definition of T that

Me−λ(T−2τ) ≤ e−
3
4λT . (3.4)

Now, for any α > 0,

E|x(t)|2 ≤ (1 + α)E|x(t)− y(t)|2 + (1 + α−1)E|y(t)|2. (3.5)

Set β1 = C(2T − 2τ ), where C(·) has been defined in Lemma 3.4.

Choosing

α =

√
Me−λ(T−2τ)

β1∆
,

we can show by (3.2) and (3.3) that

sup
T−τ≤t≤2T−τ

E|x(t)|2 ≤ κ(∆) sup
−τ≤t≤τ

E|x(t)|2, (3.6)

where

κ(∆) = β1∆ + 2
√

β1M∆e−
1
2λ(T−2τ) + Me−λ(T−2τ).

Using (3.4) we observe that

κ(0) = Me−λ(T−2τ) ≤ e−
3
4λT .
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Since κ(∆) increases monotonically with ∆, there exists a ∆∗ > 0

such that κ(∆) ≤ e−
1
2λT for all ∆ ≤ ∆∗. In (3.6) this gives

sup
T−τ≤t≤2T−τ

E|x(t)|2

≤ e−
1
2λT sup

−τ≤t≤τ
E|x(t)|2. (3.7)

Recall that T is the multiple of τ and hence of ∆. So, by the flow

property of the EM solutions, for any integer i ≥ 0

x(t) = x(t; iT, xiT ), ∀t ≥ iT.

Repeating the argument above for x(t; iT, xiT ) in the same way that

(3.7) was obtained we may establish

sup
(i+1)T−τ≤t≤(i+2)T−τ

E|x(t)|2

≤ e−
1
2λT sup

iT−τ≤t≤iT+τ
E|x(t)|2. (3.8)

From this we can show that

sup
(i+1)T−τ≤t≤(i+2)T−τ

E|x(t)|2

≤ e−
1
2λ(i+1)T sup

−τ≤t≤T−τ
E|x(t)|2. (3.9)

Now, by (3.2), (3.3) and (3.5) we can show that

sup
τ≤t≤T−τ

E|x(t)|2

≤
[
β2∆ + 2

√
β2∆M + M

]
sup

−τ≤t≤τ
E|x(t)|2.
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where β2 = C(T − τ ). We can, if necessary, let ∆∗ be even smaller

so that β2∆ + 2
√

β2∆M + M ≤ 2M for all ∆ ≤ ∆∗ and hence

sup
τ≤t≤T−τ

E|x(t)|2 ≤ 2M sup
−τ≤t≤τ

E|x(t)|2.

Substituting this into (3.9) and bearing in mind that M must not be

less than 1 we obtain that

sup
(i+1)T−τ≤t≤(i+2)T−τ

E|x(t)|2

≤ 2Me−
1
2λ(i+1)T sup

−τ≤t≤τ
E|x(t)|2.

Recalling (3.1) we obtain that

sup
(i+1)T−τ≤t≤(i+2)T−τ

E|x(t)|2 ≤ 2MC1‖ξ‖2
E e−

1
2λ(i+1)T

for all i ≥ 0, while

sup
0≤t≤T−τ

E|x(t)|2 ≤ 2MC1‖ξ‖2
E.

Hence,

E|x(t)|2 ≤ 2MC1e
1
2λT‖ξ‖2

E e−
1
2λt, ∀t ≥ 0.

That is, the EM method is exponentially stable in mean square with

γ = 1
2λ and N = 2MC1e

1
2λT . This completes the proof. 2
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Theorem 3.2 Let (H1) holds. Assume that for some ∆ > 0, the

EM method is exponentially stable in mean square on the SDDE

(1.1), namely

E|x(t; 0, ξ)|2 ≤ H‖ξ‖2
E e−γt, ∀t ≥ 0

for all ξ ∈ L2
F0

([−τ, 0]; Rn). Suppose we can verify

β3∆ + 2
√

β3H∆e−
1
2γ(T−2τ) + He−γ(T−2τ) ≤ e−

1
2γT , (3.10)

where T = τ (9 + In[4 log(H)/γτ ]), β3 = C(2T − 2τ ) and C(·) was

defined in Lemma 3.4. Then the SDDE is exponentially stable in

mean square. More precisely,

E|y(t)|2 ≤ ME|ξ|2e−λt, ∀t ≥ 0

with

λ = 1
2γ and M = C1e

1
2γT

[
β4∆ + 2

√
β4∆H + H

]
,

where C1 was defined Theorem 3.1 and β4 = C(T − τ ).

The proof of this theorem is absolutely based on the following lemma

which can be proved in the same way as Lemmas 3.1 and 3.4 were

proved.

Lemma 3.5 Let (H1) hold. Then

sup
0≤t≤τ

E|y(t; 0, ξ)|2 ≤ C1‖ξ‖2
E, (3.11)
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where C1 was defined in Theorem 3.1. Moreover, write y(t; 0, ξ) =

y(t) and define x(t) = x(t; τ, yτ ) which is the EM solution to the

SDDE (1.1) with initial data yτ given at t = τ . Then

sup
τ≤t≤τ+T

E|x(t)− y(t)|2 ≤ C(T )‖ξ‖2
E ∆ for ∀T > 0, (3.12)

where C(T ) was defined in Lemma 3.4.

The Proof of Theorem 3.2 is similar to that of Theorem 3.1 so we omit

it. Combining Theorems 3.1 and 3.2 we obtain the following sufficient

and necessary theorem.

Theorem 3.3 Under hypotheses (H1), the SDDE (1.1) is expo-

nentially stable in mean square if and only if for some ∆ > 0,

the EM method is exponentially stable in mean square with rate

constant γ and growth constant H satisfying

β3∆ + 2
√

β3H∆e−
1
2γ(T−2τ) + He−γ(T−2τ) ≤ e−

1
2γT , (3.13)

where T = τ (9 + In[4 log(H)/γτ ]), β3 = C(2T − 2τ ) and C(·) was

defined in Lemma 3.4.

Proof. The sufficient part follows from Theorem 3.2 directly. To

show the necessary part, assume that the SDDE (1.1) is exponentially

stable in mean square. Then, by Theorem 3.1, there exists a ∆∗ > 0

such that for every ∆ < ∆∗, the EM method is exponentially stable in
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mean square on the SDDE with rate constant γ and growth constant

H , both of which are independent of ∆. With these γ and H , compute

T = τ (9 + In[4 log(H)/γτ ]) and note

He−γ(T−2τ)

≤ H exp
(
− 3

4γT − 1
4(8γτ + 4 log(H)) + 2γτ

)
= e−

3
4γT < e−

1
2γT .

So we can always find a ∆ sufficiently small for (3.13) to hold and this

proves the necessary part. 2

Remark: We emphasize that Theorem 3.3 is an “if and only if”

result, and hence has important practical implications. Suppose, for

example, that we need to find out whether a given SDDE is expo-

nentially stable in mean square or not. Given that we fail to find

an appropriate Lyapunov function to show the exponential stability,

we can carry out careful numerical simulations. We may then confi-

dently infer that the underlying SDDE is exponential stability in mean

square or not according to whether the numerical simulations indicate

the same property or not.
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4 Generalized Result

In this section we shall replace the global Lipschitz condition with

a more general condition. As a standing hypothesis we assume that

the coefficients f and g of the SDDE (1.1) are sufficiently smooth so

that it has the unique solution y(t; 0, ξ) for any initial data y0 = ξ ∈

L2
F0

([−τ, 0]; Rn) given at time t = 0. Moreover, to highlight the role of

stepsize ∆, we will write the EM approximate solution as x∆(t; 0, ξ).

We observe that the proof of Theorem 3.1 uses only properties (3.1)

and (3.2) rather than hypotheses (H1) themselves while the proof

of Theorem 3.2 makes use of only properties (3.11) and (3.12). So

Theorem 3.3 still holds if hypotheses (H1) are replaced by properties

(3.1), (3.2), (3.11) and (3.12). This leads to the following definition

and then a generalized result.

Definition 4.1 The SDDE (1.1) and the corresponding EM method

are said to have Property (P1) if, for sufficiently small ∆ (=

τ/N), the following two conditions are satisfied:

1. There is a positive constant C1 independent of ξ and ∆ such

that

sup
0≤t≤τ

[
E|y(t; 0, ξ)|2 ∨ E|x∆(t; 0, ξ)|2

]
≤ C1‖ξ‖2

E.

17



2. For each T > 0, there is a positive constant C = C(T ) inde-

pendent of ξ and ∆ such that

sup
τ≤t≤τ+T

E|x∆(t; 0, ξ)− y(t; τ, x∆,τ )|2 ≤ C‖ξ‖2
E ∆

with x∆,τ = {x∆(u; 0, ξ) : 0 ≤ u ≤ τ} while

sup
τ≤t≤τ+T

E|x∆(t; τ, yτ )− y(t; 0, ξ)|2 ≤ C‖ξ‖2
E ∆

with yτ = {y(u; 0, ξ) : 0 ≤ u ≤ τ}.

Theorem 4.1 Suppose that the SDDE (1.1) and the EM method

have Property (P1). Then the SDDE (1.1) is exponentially stable

in mean square if and only if for some ∆ > 0, the EM method

is exponentially stable in mean square with rate constant γ and

growth constant H satisfying

β3∆ + 2
√

β3H∆e−
1
2γ(T−2τ) + He−γ(T−2τ) ≤ e−

1
2γT ,

where T = τ (9 + In[4 log(H)/γτ ]), β3 = C(2T − 2τ ) and C(·) was

given by Property (P1).

Let us remark that Property (P1) is a finite-time convergence prop-

erty while the exponential stability is an asymptotic property. The

important feature of Theorem 4.1 is that it transfers the asymptotic

problem into a finite-time problem. That is, in order to reveal that the

EM method shares exponential mean-square stability with the SDDE,
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it is enough to show that the EM method and the underlying SDDE

have Property (P1).
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