
Outline Sloutions of Honours Class 11.949
Math of Fin. Deriv. Section 2

1. The random variable αX takes values αxi with probability pi. Hence

E(αX) =
m∑

i=1

αxipi = α
m∑

i=1

xipi = αE(X).

In the continuous case, we have, for α > 0,

P (a ≤ αX ≤ b) = P (
a

α
≤ X ≤ b

α
) =

∫ b
α

a
α

f(x)dx =

∫ b

a

f(z/α)
1

α
dz.

So density function for αX is g(z) = 1
α
f( z

α
). Hence

E(αX) =

∫ ∞

−∞
zg(z)dz =

∫ ∞

−∞
z

1

α
f(

z

α
)dz

=

∫ ∞

−∞
yf(y)αdy = α

∫ ∞

−∞
yf(y)αdy = αE(X).

Analysis for α < 0 is similar.

2.
V ar(X) = E(X − EX)2 = E(X2 − 2XEX + EX2) = EX2 − (EX)2.

(Note, we have used the fact that EX is a real number, i.e. a constant.)

V ar(αX) = E(αX)2 − (E(αX))2 = E(α2X2)− (αEX)2

= α2EX2 − α2(EX)2 = α2[EX2 − (EX)2] = α2V ar(X).

3.

EX =

∫ ∞

−∞
xf(x)dx =

∫ ∞

0

λxe−λxdx

=
[
−xe−λx

]∞
0

+

∫ ∞

0

e−λxdx( integration by parts ) =
1

λ
.

Using (2)

EX2 =

∫ ∞

−∞
x2f(x)dx =

∫ ∞

0

λx2e−λxdx.

Integrating by parts twice gives EX2 = 2/λ2. Hence by q2,

V ar(X) = EX2 − (EX)2 =
1

λ2
.
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4.

EX2 =

∫ ∞

−∞
x2f(x)dx =

∫ b

a

x2

b− a
dx =

1

b− a

[
x3

3

]b

a

=
1

b− a

(
b3 − a3

3

)
=

b2 + ab + a2

3

V ar(X) = EX2 − (EX)2 =
(b− a)2

12
.

5.

EX =

∫ ∞

−∞

xe−
x2

2

√
2π

= 0 because integrand is odd.

EX2 =

∫ ∞

−∞

x2e−
x2

2

√
2π

dx =

∫ ∞

−∞
xx

e−
x2

2

√
2π

dx

=
1√
2π

[
− xe−

x2

2

]∞
−∞ +

1√
2π

∫ ∞

−∞
e−

x2

2 dx = 0 + 1 = 1.

Generally

EXp =

∫ ∞

−∞

xpe−
x2

2

√
2π

= 0 when p is odd, because integrand is odd.

Letting Ip = E(Xp) for p even, we have

Ip =

∫ ∞

−∞
xp−1x

e−
x2

2

√
2π

dx

=
1√
2π

[
− xp−1e−

x2

2

]∞
−∞ +

p− 1√
2π

∫ ∞

−∞
xp−2e−

x2

2 dx.

Hence, Ip = 0 + (p− 1)Ip−2. This implies I4 = 3I2 = 3. Generally

Ip = (p− 1)(p− 3)(p− 5) . . . 1, for p even.

6. we have

EX =

∫ ∞

−∞

xe−
(x−µ)2

2σ2

√
2πσ2

dx (0.1)

EX2 =

∫ ∞

−∞

x2e−
(x−µ)2

2σ2

√
2πσ2

dx (0.2)

Setting z = x−µ
σ

in (0.1) gives EX = µ. Simillarly in (0.2) we get EX2 = σ2 + µ2. Hence

V ar(X) = EX2 − (EX)2 = σ2.
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