Outline Sloutions of Honours Class 11.949
Mathematics of Financial Derivatives
Section 3

1. Using conditions 1 & 2, W(t) = W(t) — W(0) is N(0,t). Then
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2. Let V() = W (c?t). Condition 1 says W(0) = 0. Hence V(0) = 0. Now, note that if

c

X is N(0,0?%) then aX is N(0,a%0?). (Ex2 in Random Variable shows that scaling by «
scales the variance by a?.) Hence

V(t)—V(s)= %(W(c%) —W(c?s)) = W(t) — W(s).

So conditions 2 & 3 for V() immediately follow.
3. we have dW; = VvV AtY;, where Y; is N(0,1). Hence

E(dW?) = E(AtY}?) = AtE(Y]) = At x 1.

And
E(dW}) = E(AY]') = APE(Y]') = At* x 3.

Independence of dW; & dW; for ¢ # j follows from condition 3. Hence,
E(dW;dW;) = E(dW;)E(dW;) =0 x 0, for i # j.
So,

E (i(W(tj) — W(tjl))2> =F (i de) = iE(de) = i At = NAt=T.
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Now,
E ((Z dwf)?) = ((Z > dwfdw,f) => ) E(dW;dWy)
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= (NAt)? + 2NAt? = T? + 2T At. (0.3)

hence, using (0.2) and (0.3), variance is

T? + 2T At — T? = 2T At = O(At).
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