Outline Solutions of Honours Class 11.949
Mathematics of Financial Derivatives
Section 4
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2. Let |
V(z,t) = Spexp [(u — 502)75 + ax)} :

Clearly
1
Vi=V(x,t)(u— 502), Ve =V(z,t)o, Ve = V(z,t)0”.
By Ito formula we obtain

dS(t) = V(W (t),t) = [Vt(W(t), t) + %VM(W(t), t)] dt + V, (W (t), £)dW (¢)

- {V(W(t),t)(u Loy %V(W(t),t)ﬁ] dt + V(W (t),t)odW (t)

2
= uS(t)dt + o S(t)dW (t).
Because of W (0) = 0, we get S(0) = Sp.
3. Let
F(x)=P{S(t) <z} =P {Soexp [(,u - %O‘Q)t + UW(t))} < m}
- {W(t) < % {log Sio — (n— %az)t} } .
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Hence
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f(8) = F'(S) =

From the definition, we know that
1
S™(t) = V(W (t),t) = S exp [(p - 5a2)mt + naW(t)] :
This together with W (t) ~ N(0,t) yields
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= Spexp |(u— =o*)nt + —o’n’t| .
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Ifn=1,
1 1
ES(t) = SO exXp |:([,L — 50’2)t + 50’2t:| = S()e”t.
Ifn=2,
2 2 L, L 500 2 2
ES*(t) = S5 exp 2(u—§0 )t+502t = Sgexp [2ut + 0?t]
hence,

Var(S(t)) = ES*(t) — (ES(t))* = S§ exp [2ut + o*t] — Sge*
= Sge?t [e”Zt - 1} .



