Outline Solutions of Honours Class 11.949
Mathematics of Financial Derivatives

Section 6
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Substituting (0.1), (0.2) and (0.3) into the equation, we get
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2. As the proof Theorem 1, we can get

P(S,t) = e """ YE[max(E — z(T),0)]. (0.4)
Note
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where I{p~,(r)y is the indicator function of set {£ > x(7T')}, that is,

Hence
P(S,t) = e @D (EIED{E > 2(T)} — ]E[:c(T)[{E>$(T)}] ) (0.5)
Let us recall
2(T) = S exp [(r — Le?)(T = t) + o(W(T) — W(t))] . (0.6)

Let us now introduce a random variable £ = log z(T"). By (0.6),
E=logS+ (r—2L1o”)(T —t)+a(W(T) — W(t)).

So ¢ follows a normal distribution with mean log S+ (r—30?)(T—t) and variance o*(T —t).
For convenience, set

fi=1logS+ (r—1ic*)(T'—t) and &°=o*(T —1).
Then ¢ ~ N(j1,6%). By the well-known property of normal distributions, we know
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which has the probability density function




With these new notations and properties we compute
P{E > 2(T)} = P{¢{ < log E'}

=P{Z < (logE —f1)/5}.
But, recalling the definition of ds,
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recalling the definition of dy again. Compute furthermore
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But, by the definition of d;,
—dy— 6 =—dy — VT —t = —dy.
Thus
E[2(T)uryry] = 37 N ().
Substituting (0.7) and (0.8) into (0.5) yields
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as required. The proof is therefore complete.
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