University of .
Strathclyde
53.304 Stochastic Processes I

Wednesday 28rd January 2008
10.00a.m. - 12noon

Credit will be given for the best THREE answers only.
Baittery operated calculators may be used.
However, answers without adequate working are not acceptable,
and so full marks will not be awarded even if the answer is correct,
unless an outline of the calculations carried out is clearly shown.

1.(a) A Markov Chain Z;,t = 0,1,2,... on the state space S = {1,2,3,4, 5} has the
transition probability matrix

1 2 3 4 5
02 02 02 02 0.2
00 03 03 02 0.2
00 00 03 03 04
00 00 00 04 06
00 0.0 00 06 04

|
i
[+ BTN U

with the 2-step transition probability matrix

1 2 3 4 5

1/0.04 0.10 0.16 0.34 0.36
210.00 0.09 018 0.35 0.38
P?2=310.00 000 009 0.45 0.46
410.00 000 000 0.52 0.48
5\0.00 0.00 0.00 0.48 0.52

Find all closed classes. Which are irreducible? Which states are recurrent and
which states are transient? 5 marks

If the initial probability distribution is
P(Zy=1)=P(Zy=2) = P(Z, =3) =02,
P(Zy=4)=03, P(Z;=5)=0.1,
what are P(Z; =4 or 5)7 6 marks
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(b) Let Z;,t=0,1,2,... be a Markov chain on a finite state space S = {1,2,...,n}.
State the Markov property clearly. Define the 1-step transition probabilities

pU:P(ZH-l:]'Zt:Z)) Z)]€S7t=0,1527

By using the Markov property, show

P(Zy=j|Zy =) = Y DikPrj»
k=1

where 7,7 € S. 9 marks

2.(a) A Markov chain Z;,¢ = 0,1,2,... on the state space S = {1,2,3,4,5} has the
transition probability matrix

1 2 3 4 5
1(1/3 1/3 1/3 0O 0
21 0 1/3 1/3 1/3 0
P=3]| 0 0o 1/3 1/3 1/3
41 0 0 0 1/2 1)2
5\ 0 0 0 1/2 1/2
Determine the mean time to reach state 4 or 5 starting from state 1 by using a
first-step analysis.

7 marks

(b) A simple random walk has absorbing barriers at 1 and 9 and initial position 5.
Let p = 0.2, ¢ = 0.6 and r = 0.2 be the probabilities of step size +1, —1 and 0,
respectively. Find the probability that absorption at 9 occurs and 3 is reached
exactly once (so the walk does not take any steps of size 0 once it reaches 3 but
leaves 3 at the next step). (You may use the following formulae without proof:
For a simple random walk with absorbing barriers at @ and b (a < b) and initial
position k& € [a, b],

_ (a/p)* - (a/p)*
(¢/p)® — (a/p)"

P(absorption at a)

and

(a/p)* - (¢/p)® )
(¢/p)> — (a/p)*

P(absorption at b) =

7 marks
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(c) A Markov chain Z;,t = 0,1,2,... on the state space S = {1,2,3,4} has the
transition probability matrix

1 2 3 4
1/0 1 0 0
2l 0 1/3 1/3 1/3

P=gly 0 0 0

4\1/3 1/3 1/3 0

Explain why the stationary distribution exists.

Find the stationary distribution and describe the limiting behaviour of the n-
step transition probability pg’) as n — 0o, where 7,7 € S.

6 marks

3. A chain letter starts off with just one letter. Each person who receives the letter
sends it (after a fixed time 7) independently to either 0,1,2 or 3 individuals
(none of whom have previously received it). Each time the number of new
individuals who receive the letter has probability distribution

T 0 1 2 3
p(z) 0.25 0.25 0.25 0.25

(a) Let Gn(s) denote the probability generating function of the total number of new

individuals who receive the letter at the nth generation and write G1(s) = G(s).

Write down the polynomial expression for G(s). Derive from first principles the
probability that the chain has died out by the third generation.

7 marks

(b) What is the probability that the chain ultimately dies out? (You may quote the
result of a relevant theorem without proving it.) :

7 marks

(c) Derive from first principlés in terms of G(s), the p.g.f. G2(s) of the total number
of new individuals who receive the letter in the second generation. 6 marks
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4.(a) Cars pass a point on a road according to a Poisson process of rate 6 per minute.
Find the probability that at least four pass in the first three minutes given that
at least two pass in the first minute.

10 marks

" (b) New recruits join a social club according to a Poisson process of rate A per unit
time and the members leave the club independently after a time which has an
exponential distribution with parameter p (per unit time). The arrival process
and the recruitment process are independent. Let p,(t) denote the probability
that there are exactly n members in the club at time ¢. Working from first
principles derive the differential equations satisfied by the probabilities pn (t).

10 marks
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