Contents

Preface i General Notation v 1. Brownian Motions and Stochastic Integrals 1 1.1. Introduction 1 1.2. Basic notations of probability theory 2 1.3. Stochastic processes 9 1.4. Brownian motions 15 1.5. Stochastic integrals 18 1.6. Itô’s formula 31 1.7. Moment inequalities 39 1.8. Gronwall-type inequalities 44 2. Stochastic Differential Equations 47 2.1. Introduction 47 2.2. Stochastic differential equations 48 2.3. Existence and uniqueness of solutions 51 2.4. L^p-estimates 59 2.5. Almost surely asymptotic estimates 63 2.6. Caratheodory’s approximate solutions 71 2.7. Cauchy–Maruyama’s approximate solutions 76 2.8. SDE and PDE: Feynman–Kac’s formula 78 2.9. Solutions as Markov processes 84 3. Linear Stochastic Differential Equations 91 3.1. Introduction 91 3.2. Stochastic Liouville’s formula 92 3.3. The variation-of-constants formula 96 3.4. Case studies 98 3.5. Examples 101 4. Stability of Stochastic Differential Equations 107 4.1. Introduction 107 4.2. Stability in probability 110 4.3. Almost sure exponential stability 119 iii iv Contents

4.4. Moment exponential stability 127 4.5. Stochastic stabilization and destabilization 135 4.6. Further topics 141 5. Stochastic Functional Differential Equations 147 5.1. Introduction 147 5.2. Existence-and-uniqueness theorems 149 5.3. Stochastic differential delay equations 155 5.4. Exponential estimates 158 5.5. Approximate solutions 162 5.6. Stability theory—Razumikhin theorems 169 5.7. Stochastic self-stabilization 188 6. Stochastic Equations of Neutral Type 199 6.1. Introduction 193 6.2. Neutral stochastic functional differential equations 201 6.3. Neutral stochastic differential delay solutions 207 6.4. Moment and pathwise estimates 209 6.5. L^p-continuity 215 6.6. Exponential stability 219 7. Backward Stochastic Differential Equations 233 7.1. Introduction 233 7.2. Martingale representation theorem 234 7.3. Equations with Lipschitz coefficients 239 7.4. Equations with non-Lipschitz coefficients 246 7.5. Regularities 258 7.6. BSDE and quasilinear PDE 265 8. Stochastic Oscillators 269 8.1. Introduction 269 8.2. The Cameron–Martin–Girsanov theorem 270 8.3. Nonlinear stochastic oscillators 272 8.4. Linear stochastic oscillators 276 8.5. Energy bounds 286 9. Applications to Economics and Finance 299 9.1. Introduction 299 9.2. Stochastic modelling in asset prices 299 9.3. Optimal stopping problems 305 9.4. Stochastic games 319 10. Stochastic Neural Networks 327 10.1. Introduction 327 10.2. Stochastic neural networks 327 10.3. Stochastic neural networks with delays 342 Bibliographical Notes 353 References 355 Index 363